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Abstract

In this thesis we investigate the possibility of extending Sanov’s theorem in large deviation
theory to the quantum setting. A complete proof of the classical Sanov theorem and the
closely related Stein lemma is provided. Additionally, the quantum Stein lemma is proved
and we provide an overview of two proposed quantum Sanov theorems in literature. We
especially focus on the role of the Umegaki relative entropy appearing in the quantum
Sanov theorem proposed by Bjelakovi¢ et al. (CMP, 2005). Our first result is a no-go
theorem that proves in sufficiently large Hilbert spaces (dim(#) > 4), it is impossible
to construct a sequence of tests that separates a set of normal states A, from arbitrary
normal states o at a rate given by the Umegaki relative entropy. A new quantum extension
of Sanov’s Theorem is proved, which we call a universal quantum Sanov theorem. For
any open set of states A, we construct a sequence of tests that can separate any state
o ¢ A from A at an exponential rate. To our knowledge, such a universality result has
not previously been established in the quantum regime, and it offers a new perspective
on the concept of a quantum empirical measure. Using von Neumann algebras, we finish
this thesis by extending our quantum Sanov theorem to a specific infinite dimensional
non-commutative setting.
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Chapter 1

Introduction

Randomness is an intrinsic part of quantum mechanics. From the perspective of this
work, quantum mechanics could just as well be called a theory of non-commutative prob-
ability, although the latter is more colloquially referred to as quantum probability. In the
field of classical probability, as formalized by Kolmogorov, one uses the concepts of o-
algebras, measurable functions, and probability measures to describe random behaviour.
On the other hand, the mathematical theory of quantum mechanics, as formalized by
von Neumann, uses the language of von Neumann algebras, self adjoint operators, and
positive unital normal functionals to describe randomness. The mathematical framework
of quantum mechanics laid out by von Neumann and its probabilistic interpretation as
pioneered by Born, is the foundation of quantum probability theory. It is worthwhile to
point out that in the entirety of this text probability distributions and quantum states
are the essential connection between mathematics and randomness. We distinguish clas-
sical from quantum randomness purely from the mathematical language one is required
to use to describe the underlying system. We stress the fact that classical probability
theory is an insufficient tool to describe all random systems in our universe, and quantum
probability is the mathematical remedy. E]

The perspective that quantum probability is a non-commutative version of classical prob-
ability is supported by the fact that every commutative von Neumann algebra M is
isomorphic to a space of essentially bounded measurable functions L*(X, ), for some
locally compact space X and probability measure p on X. Essentially, if the observables
describing some quantum system commute, then the system can be described classically.
At the heart of this thesis lies the perspective that while quantum mechanics is non-
classical, it is crucial that we extend notions and results in classical probability to the
quantum setting. We believe it is through this process that the distinguishing features
of classical and quantum randomness can be best understood. Sticking to this narrative,
this thesis largely focuses on proving several quantum extensions of the Sanov theorem
in classical probability. Proven in 1957 by Ivan Nikolaevich Sanov, this result relates
the Kullback-Leibler relative entropy to the probability that the empirical observations
obtained from repeatedly sampling a random variable on some probability space X with
law p, appears as if X has law g € A C Prob(X) for some measurable set A.

As a first goal of this work, we will give an overview of the Sanov theorem in its classical

'We direct the interested reader to [25] for an overview of the interpretations of randomness in
mathematics and physics.



glory along with the existing extensions of the Sanov theorem to the quantum setting.
We will follow an identical path for the closely related Stein lemma, which has also been
extended to the quantum regime. As we will see the theory of (quantum) hypothesis
testing, and many forms of relative entropy, are essential tools for describing the optimal
rate at which one can separate an unknown prior state from a collection of other states.
After the literature review the rest of the thesis is dedicated to presenting the new results
obtained during this internship. In the spirit of using classical theory as the foundation
of understanding quantum systems, this involves reducing a quantum system to a clas-
sical one while preserving certain structures, which in our case is the distinguishability
of quantum states. A crucial part of reducing the states in a quantum setting S(M) to
classical probability distributions A C Prob(X) is making use of an information complete
positive operator valued measure p : Q — M™ where Q is a o-algebra of the underlying
space X. Moreover, the information complete positive operator valued measure p can
then be used to lift results from the classical setting into the quantum setting. With this
technique we introduce a new variant of the quantum Sanov theorem, which we call a
universal quantum Sanov theorem. Our result is a direct analogue to the classical Sanov
theorem and goes beyond the usual finite dimensional setting (type I;) that research in
this field is often restricted to.



I.1 Outline of thesis

In Chapter [[I| we begin with a preliminary section discussing classical probability. We
mostly restrict ourselves to studying probability distributions over finite sets, and in-
troduce hypothesis testing in this context. Thereafter, we provide a proof of Sanov’s
theorem, and in Section we demonstrate how Sanov’s theorem can be used to prove
fundamental results such as Stein’s lemma, Chernoft’s lemma, and the strong law of large
numbers. The last section of this chapter provides an overview of Sanov’s theorem for
distributions over Polish spaces and measure spaces.

In Chapter [[TT] we follow a similar structure as in Chapter [[I, however, we instead focus
on quantum probability theory. To illustrate how quantum probability can be viewed
as a non-commutative extension of classical probability, in Section we restate the
classical Sanov theorem in the setting of (commutative) quantum probability. In Section
we introduce the mathematical framework of measuring quantum states. We pro-
vide a proof of the quantum Stein lemma, which will be used to sketch a proof of one of
two quantum Sanov theorem’s we investigate from literature.

The rest of this thesis is dedicated to showcasing our own research. In Chapter [[V|we pro-
pose a new quantum Sanov theorem, that we call a universal quantum Sanov theorem. In
Section we discuss the notion of universality, and prove in the quantum setting it is
not possible to have a test that separates a collection of normal states A from an arbitrary
state o ¢ A at a rate given by the Umegaki relative entropy. This result crucially relies
on using a pair of non-commuting quantum states, hence this result does not hold in the
classical setting. The new quantum Sanov theorem we propose is stated and proved in
Section[[V.2] and we also propose a quantum extension of the classical empirical measure.

In Chapter [V] we extend our universal quantum Sanov theorem to an infinite dimensional
setting using von Neumann algebras. Finally, in Chapter we conclude our work and
give an outlook of several possible new research directions.
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Chapter 11

Classical probability

The primary goal of this chapter is to introduce, motivate, and prove Sanov’s theorem
and Stein’s lemma. As alluded in the introduction, an operational interpretation of the
Sanov theorem is that it describes the effectiveness of using empirical observations as
a basis for deciding if a probability measure p belongs to some set A C Prob(X). We
wish to formalize this interpretation through the lens of hypothesis testing, which as we
will soon appreciate has very strong connections to Stein’s lemma. Although, to an even
greater extent we hope to illustrate that the Sanov theorem provides more than this
helpful, but limited, operational interpretation. For the rest of this section we assume
the reader is familiar with basic measure theory and probability theory. Nonetheless,
we include a short section in the appendix listing all essential definitions and results in
measure theoretic probability theory. As a hopefully rare deviation from our streamlined
approach, we now recall the axioms of probability as stated by Kolmogorov in his book
Foundations of the Theory of Probability published in 1933. Put briefly, let X be a set
and Q a o-algebra (Definition of subsets of X. Then a non-negative function
p: 2 = Ry> assigns a probability to each set A € (2, called an event if,

L p(X) =1,

2. for all A € F, p(A) € [0,1], where p(A) is interpreted as the probability of the
event A occurring,

3. for a sequence of disjoint sets (A,)nen € F we have

p( U An) = p(A,).

neN neN

This list of axioms is found in virtually any introductory treatment of probability theory.
Our motivation for stating them here is two fold. Firstly, we find it very insightful to
compare the classical foundations of probability to the much more subtle foundations in
quantum probability. And secondly, we believe Kolmogorov’s axioms of probability are
rooted in the necessarily empirical interactions one has with randomness in nature. In a
very complementary manner, Sanov’s theorem connects the empirical observations we can
make in a random system with the beautiful concept of entropy originating in statistical
physics. The rest of this chapter is continued as follows. In addition to providing a proof
of Sanov’s theorem we will also give a complete account of the closely associated Stein’s
Lemma. First, these two results will be treated for finite probability spaces, and then
we will move on to the more general Polish space setting. We begin with a preliminary
section.



II.1 Preliminaries

No results in this section will be proved. We refer the reader to [12] for a more detailed
treatment of this material.

Definition I1.1.1. A topological space (X, T) is Polish if it is separable, metrizable
by some metric d, and complete with respect to d. Unless stated otherwise, we always
consider X as a measure space (X, F), where F is the Borel o-algebra generated by the
open sets T, we call the pair (X, F) a standard Borel space. Moreover, with Prob(X)
we denote the set of all Borel probability measures over X.

There are several topologies one can define on the set Prob(X), the most useful one at
our disposable is called the weak topology.

Definition I1.1.2 (Weak topology on Prob(X)). The weak topology on Prob(X) is
generated by the basis of open sets
/ fdp — x‘ <9 },
b

where x € R, 6 > 0 and f € Cp(X) is a continuous and bounded function. Equivalently,
a net of probability measures (p;)ic; converges to a probability measure ¢ € Prob(X) if
for all f € Cy(X) we have

Ufws = {p € Prob(X);

i [ f)dnte) = [ 1@ (2.1)

A brief overview of the role of nets in topology is given in the Appendix However,
the necessity of using nets instead of sequences will be short lived in this chapter, as the
weak topology is in fact metrizable by the Lévy metric when X is Polish.

Definition I1.1.3 (Lévy metric). Let (X, d) be Polish and suppose A C X is a measurable
set, then for § > 0 define

A% :={x € X;3a € Asuch that d(z,a) < §}.
The Lévy metric dy, : Prob(X) x Prob(X) — Ro> is then defined as,
dr(p, q) := inf{0 > 0;p(A) < q(A°) + ¢ for all closed A C X}. (2.2)

Note that for all measurable A C X and 6 > 0 the set A% is measurable. Since we
assumed X is Polish, it is separable and there is a countable dense subset (a,),en of A.
Then A° is the countable union of open balls in X,

A° = U{xEX;d(:v,an) <0}

neN

Theorem II.1.1. Assume X is a Polish space. Then we have the following:

1. The Lévy metric generates the weak topology on Prob(X).
2. The space Prob(X) is also Polish when equipped with dy .

3. Prob(X) is weakly compact if and only if X is compact.

10



Proof. See [12, Theorem D.8§]. O

We briefly want to discuss another relevant topology one can apply on the space of
probability measures Prob(X) called the 7—topology, which is a stronger topology than
the weak topology on Prob(X). Note that we implicitly defined the weak topology
on Prob(X) only for X Polish, but this is only done since the weak topology is then
compatible with the Lévy metric. It will be useful to define the 7-topology for the more
general setting that X is a measure space.

Definition I1.1.4 (7-topology on Prob(X)). Let X be a measure space. Then the T-
topology on Prob(X) is generated by the basis of open sets

Wyas = {p € Prob(X); } /ngp — :U‘ < 5}7

where x € R, 6 > 0 and g € L>®(X) is an essentially bounded Borel measurable function.

If a net (p;)icr converges to some g € Prob(X) in the 7—topology, that is, for all f €

L=(X),
lim /X Fp; = /X fdg,

then the net also converges in the weak topology since Cy(X) C L*>°(X). The T-topology
will only return towards the end of this chapter when we discuss even further extensions
of the Sanov theorem from Polish spaces to general measure spaces. We round off this
preliminary section by defining the three essential concepts, the empirical measure L,,, and
two types of relative entropy entropies, one being the Kullback-Leibler relative entropy
Dgr(+]]) and the other the a-Rényi relative entropy R,(-||-) for a € R\{0, 1}.

Definition I1.1.5 (Empirical Measure). Let X be a set and 1 € X, then the Dirac
measure at r1, denoted as d,, € Prob(X), is defined as

0z, (A) =

{1 if 2, € A
For n € N the function L, : X" — Prob(X) is called the empirical measure and is
defined as

Ly(z) = %Z% (2.3)

r= (21, Ty, )€ XN

We note that for n € N the function L, depends only on the first n coordinates of
x € XN hence we slightly abuse of notation and often consider L, as a function from the
n-fold Cartesian product of X, namely L, : A" — Prob(X). An important conceptual
remark about the empirical measure is the following. Given some probability distribution
p € Prob(X) one can take n samples of identical random processes each with probability
distribution p, producing a string of observations = = (x1,--- ,x,) € X™. Based on the
observational data x, the empirical distribution L, (x) is the frequency that each obser-
vation occurred in the string (xy,--- ,xy). This precisely aligns with the interpretation

11



of probability theory proposed by Kolmogorov, namely for large enough n the frequency
of the event x; occurring in the string = will approach the probability p(z;) of that event
occurring. In an intrinsic way, the asymptotic behaviour of the empirical measure is
therefore at the heart of probability. One indispensable tool to describe this asymptotic
behaviour is the notion of entropy, and in particular the Kullback-Leibler relative entropy.

Definition II.1.6 (Kullback-Leibler relative entropy). Let (X, F) be a measure space
and p,q € Prob(X). Then we say p is absolutely continuous with respect to q and
write p < q if for all A € F we have q(A) =0 = p(A) = 0. The Kullback-Leibler
relative entropy Di(:||-) : Prob(X) x Prob(X) — [0, o0] is defined as

Jx Elog <§—§>dq p<q,

00 otherwise,

Dkr(pllq) :== { (2.4)

where j—g : X — R s the Radon-nikodym derivative (Theorem A.2.9).

Another entropy we will come across is the Rényi relative entropy.

Definition I1.1.7 (Rényi Relative Entropy). Let (X, F) be a measure space and
p,q € Prob(X). Take any probability measure pn € Prob(A) such that p and q are

absolutely continuous with respect to . For o € R\{0, 1} the a-Rényi relative entropy
R.(:]|") : Prob(X) x Prob(X) — [0, 00)is defined as

Ro(pllg) = ﬁlog/x (S—Z)QG—Z)I_adu- (2.5)
dp

where an and g—z are the Radon-nikodym derivatives with respect to . We remark that
the Rényi relative entropy is independent of the measure .

Finally, we state a collection of useful and well known properties of the Kullback-Leibler
and Renyi relative entropy.

Proposition I1.1.1. Let (X, F) be a measure space and p,q € Prob(X).
1. Dir(pllg) > 0 and Dgr(pllq) = 0 if and only if p = q.
2. The map p,q — Dgkr(pl||q) is jointly convezr.

3. If X is Polish, then the map p,q — Dgr(pllq) is lower semicontinuous (Definition
with respect to the product weak topology.

Proof. See [33, Lemma 5.3, Theorem 5.4, Theorem 5.6]. ]

Proposition I1.1.2. Let (X, F) be a measure space and p,q € Prob(X). Then for all
a € R\{0,1},

1. R,(pllg) > 0.
2. The map p,q — R.(pllq) is jointly convex.

3. If X is Polish, the map p,q — R, (p||q) is lower semicontinuous with respect to the
product weak topology.

Proof. See [36]. O

12



II.2 Finite spaces

Let A be a finite non empty set of cardinality |A| = d. We can now interpret
Prob(A) C R? as the simplex

d

i=1

of R?. Naturally the weak topology, 7-topology, and Euclidean topology all coincide in
the finite dimensional setting. If p,q € Prob(A) then p is absolutely continuous with
respect to ¢ iff for all a € A, g(a) =0 = p(a) = 0. Additionally, the Kullback-Leibler
and Rényi relative entropies respectively reduce to

acaPla)(logp(a) —logq(a)) p <yq,

Dycy(pllq) = { ZecaPO0Ep() o a(a)) p < a. (2.7
00 otherwise,

where we use the convention that 0 - log0 = 0, and,

1
a—1

Ra(pllg) = log > (p(a))*(q(a))' . (2.8)

acA

One of the advantages of starting our discussion in the finite dimensional setting is that
the interpretation of probability theory is in many ways intuitive. We start of with the
very elementary formalism of what the probability of an event occurring means mathe-
matically. For a probability p € Prob(A) and n € N one can extend p to its Bernoulli
measure p" € Prob(A™) by specifying

p'(a, -+ an) = plar) - - plan). (2.9)

The Bernoulli measure p" is the probability measure that describes the process of sampling
n independent and identically distributed (i.i.d) random processes that are governed by
the probability measure p. By the Carathéodory extension theorem (Theorem A.2.1))
there exists a unique probability measure p" on the measure space (AY, F), where F is
the o-algebra generated by cylinder sets

[a, -+ ,a,) :=={b€ AV;a; = b; fori =1,---  n}, (2.10)
such that
pN([ala"' 7an]) :pn(ala"' 7an>7 (211)
for n € N and (a,--- ,a,) € A”. Then we have the following foundational result.

Proposition I1.2.1. Let A be a finite set and p € Prob(A). Then for almost every
o€ AY,

]\}1_{1;0 L,(0)(a) =p(a), Vae A. (2.12)

Or equivalently L, converges weakly to p in Prob(A) as n — oo.

13



[Proposition I1.2.1| supports the underlying principle that the probability p(a) of an event
a € A is the frequency one observes a upon repeatedly sampling a random variable on A
with law p. This proposition is our first of many results which describe the asymptotic
behaviour of the empirical measure. We postpone the proof of [Proposition II.2.1] since
we wish to show it is a consequence of Sanov’s theorem in Section We closely
follow parts of [26] in this argument. We should mention that our approach is by no
means necessary, since one can instead use the strong law of large numbers to prove this
statement. However, our approach strengthens the point that Sanov’s theorem has con-
sequences beyond its useful operational interpretation in hypothesis testing. The setting
of hypothesis testing is in fact not even necessary to prove and describe Sanov’s theorem.
However, approaching this theory with a hypothesis testing framework is informative in
the classical setting. And in the quantum case, some might say the analogous role of
quantum hypothesis testing in a quantum Sanov theorem is even necessary [16], 31], 23].

I1.2.1 Hypothesis testing

In this section we will introduce the basic formalism of hypothesis testing in the classical
and finite dimensional setting. Among other asymptotic results in hypothesis testing, we
state Stein’s lemma and what we call the operational version of Sanov’s theorem. The
proof of Stein’s lemma will be done later in Section where we will employ Sanov’s
theorem.

Suppose A is finite non-empty set and |A| = d. Let p,q € Prob(A) be two distinct
probability distributions where we consider A as a measure space paired with the o-
algebra of all subsets of A. Then suppose there is a random variable X which takes
values on A that is known to be distributed according to either p or q. That is to say the
probability X = a is either p(a) for all @ € A or ¢(a) for all a € A. In this context there
are two hypotheses for the underlying distribution of the random variable X. The first
hypothesis is that X is distributed according to p, and the second hypothesis is that X
is distributed according to q. For historical reasons, two such hypotheses are colloquially
called the null hypothesis H, and alternative hypothesis H;, which is commonly written
as

H, : X is a random variable with law p,
H, : X is a random variable with law q. (2.13)

In this setting there are two natural questions. Firstly, how can one conclude the un-
derlying distribution of X7 And secondly, what is the optimal way to determine if the
null or alternative hypothesis is correct? The answer to the first question is motivated
by [Proposition I1.2.1. Suppose that X is distributed according to p, then an infinite
sequence (x,Ty,--+) € AN of observations made from i.i.d copies of X almost surely
satisfies lim,,, L, (z)(a) = p(a) for all a € A. Or stated otherwise, since pointwise con-
vergence on A is equivalent to convergence in the Euclidean metric on Prob(A) we have,

o <9(; e AV lim L, (z) :p) ~1. (2.14)
n—oo

Therefore, a sequence of observations z € AN sampled from i.i.d copies of X almost surely
satisfies lim,,_, L,(x) = p or lim,,_, L,(z) = ¢. Of course, this mathematical idealization of
taking an infinite sequence of observations is physically impossible. In a realistic setting,

14



one is limited to a finite amount of observations, say of length n € N, and the challenge is
then to deduce if a string of observations z = (z1,- -+ ,x,) was produced from a random
variable with either law p or ¢. From our view there are two very natural approaches to
do this. First, somewhat inspired by , is to accept the null hypothesis or alternative
hypothesis based on if the empirical measure L, (x) is closer to p or g with respect to the
Euclidean metric. Namely,

Accept Hy: it 3 [Lu(@)(a) = p(@)] < 3 |Lu(@)(a) — a(a)

acA acA
Accept H; : otherwise. (2.15)

We can equivalently say, if = € E,, then we accept Hy, and if z € A"\ E,, then we accept
H,, where

By = {r € A% |Lo(e)(@) — p(@) < 3| La(o)(@) - a(a) [}, (2.16)

a€A acA

The second natural approach we can devise is to accept Hy if x € T, and accept H; if
x ¢ T where,

T, :=A{x e A% p"(x) = ¢"(2)}. (2.17)

In other words, T is designed such that one accepts the hypothesis which was most likely
to produce the sampled data z = (21, ,x,). The two subsets E,, C A" and T C A"
we have constructed are examples of a more general notion called tests.

Definition I1.2.1 (Classical Tests). A subset T,, C A™ is called a test if the basis for
accepting the null or alternative hypothesis is whether x € T,, or x € A™\T,,. That is to
say, for some string of observations x € A" a tests T,, specifies:

if x €T, = accept H,
if x ¢ T, = Accept H;. (2.18)

It turns out that the test 77 is a far more sensible test than £, which leads us to an
answer to our second question. Recall, we wanted to know what is the most optimal way to
determine if X is distrusted according to p or ¢? There are several approaches to defining
what is an optimal test, and naturally, different standards of optimality require different
tests. A central concept to nearly all discussions regarding the quality or optimality of
a test T,, C A" is its error rates. In the hypothesis testing regime as detailed in ,
one classifies the errors for a test 7, as follows. Let x = (z1,--- ,z,) € A™ be a string of
n observations sampled from i.i.d distributed random variables Xy, -+, X, and T,, C A"
be an arbitrary test. We say a false positive error occurs, or a type I error, if ¢ T,
while X is distrusted according to p. Or stated otherwise, Hj is in fact true while the
underlying test T}, and string of observations z would make one conclude H; is the valid
hypothesis. The probability of a type I error occurring is denoted by «(7},) and given by

a(Ty) = p" (A”\Tn>. (2.19)
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Similarly, we say a false negative occurs, or type II error, if x € T, while X is distributed
according to g. Or, the test T;, and data x would make one falsely conclude Hy while H;
is true. The probability of a type II error occurring is denoted by (7)) and given by

B(T) = q" (Tn) (2.20)

In a real world setting there are two equally sensible ways to define if a test is optimal.
The first approach, which we call optimality in terms of Chernoff, is to say a test T,, C A"
is optimal if it minimizes the sum of the type I and type II errors, namely,

YTy) == a(T}) + B(T). (2.21)

Chernoft’s optimality treats the false positive and false negative errors symmetrically.

Intermezzo

The definition of Chernoft’s optimality is in fact better motivated by adding a slight bit
of complexity to our hypothesis testing setup. We initially assumed that the random
variable X either had law p, the null hypothesis, or law ¢, the alternative hypothesis.
However, we can also specify the null hypothesis is correct with probability ¢ € [0, 1] and
the alternative hypothesis is correct with probability 1 — ¢. While this generalization
may seem a bit convoluted at first, it in fact clarifies the applicability of hypothesis
testing. Suppose we have a finite family of random variables {X,Y,--- | Z}, all of which
are either distributed according to p or ¢. Then by assumption a fraction ¢ € [0,1]
of the random variables in {X,Y,---,Z} have law p and a fraction 1 — ¢ have law q.
Consider the following chain of events. Suppose one randomly selects a random variable
Xp in the set {X Y, -, Z}, where each random variable has an equal probability of
being selected, then upon sampling n copies of Xy, the probability that the string of
observations x = (zq,--- ,x,) € A" and test T,, will result in either a type I or type II
error is given by

V(Tn) ==t a(T,) + (1 =) - B(T).

Namely, the probability one makes any type of error is the probability the selected random
variable X has law p AND one incorrectly concludes X has law ¢, plus the probability
that X has law ¢ AND one incorrectly concludes X has law p. If t = % then Xy is equally
likely to have law p or ¢, and the probability a given test T,, C A™ produces any type of
error is proportional to the Chernoff optimality of the test T,,,

2 71 (Th) = ~(Tn).

And clearly any test that minimizes the right hand side is also a minimizer of the left
hand side.
End of Intermezzo

Another approach, which we call optimality in terms of Stein, is to say a test T,, C A" is
Stein optimal if it minimizes the type Il error while ensuring the type I error is bounded
above by some fixed ¢ > 0. This notion of optimally is asymmetric in the sense that the
event in which a type II error occurs has drastically greater consequences than the event
in which a type I error occurs. Thus, minimizing the probability that a type II error
occurs is more reasonable than minimizing both errors equally, as was done in Chernoff’s
case.
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The vast applicability of hypothesis testing in science is already enough merit to learn
about this material. However, the particular application we are most excited about is the
operational interpretation that hypothesis testing provides of entropies in mathematical
physics. Let § > 0 and consider the hypotheses described in for a random variable
X. Let n € N and define

B s =mf{B(T);T C A" given o(T) < 6}, (2.22)
which is the type II error for the Stein optimal test. On the other hand, define

7" = inf{a(T) + B(T); T C A"}, (2.23)

which is the total error for the Chernoff optimal test. Therefore, we have a satisfactory
answer for what is the optimal way to deduce if the null or alternative hypothesis is
correct. Namely, depending on the context a test S} C A" can be selected that satisfies
Stein’s optimality or a test 7 C A" can be selected that satisfies Chernoft’s optimality.
For the case of Chernoff’s optimality, we know a test T¥ exists that achieves the infimum,
vk = ~(T), since the collection of subsets of A™ is finite. In fact, recall we defined the test
T in equation ([2.17]), which turns out to be the test that achieves Chernoft’s optimality.

Lemma I1.2.1. The test T} = {x € A™;p"(x) > ¢"(x)} achieves the minimum of (2.23)),

WTR) ="

The proof of this statement is simple and will be done in a more general setting in
[Lemma I1.2.6] As for the existence of the Stein optimal test, we know for all § > 0
there exists at least one test Sy which satisfies a(Sy) < ¢, namely, take Sy = A" then
a(Sy) = p"(0) = 0. Hence, the infimum in is taken over a finite non-empty set
and for all n € N there is a test Sy such that the type I error is bounded a(S%) <
and, B(Sy) = B;, 5 It is important to remember the optimal errors rates as specified by
Stein and Chernoff are only dependent on the null and alternative hypothesis, or more
concretely,

Brs = Bns(p,q) and v = 7,.(p, ), (2.24)

are both functions on Prob(A) x Prob(A). For two distinct probability distributions
p,q € Prob(A). a topic of central importance is if we can capture the asymptotic be-
haviour of £ 5(p,q) and v,(p,q) as the amount of observations increases n — co. As
expected, having more data reduces the probability that one can make either a false pos-
itive or a false negative error. The decay of the two error rates as defined for Stein’s and
Chernoffs optimal tests are quite beautifully captured by two different entropies.

Firstly, the Kullback-Leibler relative entropy describes the asymptotic decay of 3 5(0.q).

Lemma II.2.2 (Stein’s Lemma). Let € > 0 and p,q € Prob(A), and define j3;,_ as in
(2.22). Then

1 .
lim —log 3, . = —Dkr(pllq)- (2.25)

n—oo 1

As previously mentioned we leave the proof of Stein’s lemma until Section [II.2.3] In a
similar fashion the rate of decay of 7 (p, ¢) is captured by what we call Chernoff’s entropy
C(p,q) : Prob(A) x Prob(A) — [0, 00), which is defined as
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C(p,q) == sup (1 —a)Ra(pllg), (2.26)
a€e(0,1)

where R, (p||q) is the Rényi relative entropy given in ([2.8)).
Lemma I1.2.3 (Chernoff’s Lemma). Let p,q € Prob(A) and define ~: as in (2.23)). Then

lim — log o= —C(p,q). (2.27)

n—oo M

Both Stein’s and Chernoff’s lemma give very similar operational interpretations of their
respective entropies. Firstly, suppose S} C A" is the sequence of tests which achieves
Stein’s optimality for a fixed & > 0; then for large n the probability that a type II error
occurs for the sequence of tests S} is estimated by

exp(—n(DkL(pllg) +¢€)) < B(Sy) < exp(—n(Drw(pllg) —€)), (2.28)

where € € (0,1) can be taken arbitrarily small, while obviously N = N(e) is a function
of e. Equivalently, if T C A" is the sequence of tests that achieves Chernoft’s optimality
T = (1), then

exp(—n(C(p,q) +¢)) <AT;;) < exp(=n(C(p, q) — ). (2.29)

From both of these relations, we see that the respective relative entropies indicate how
distinct two probability measures are. In the case of the Kullback Leibler relative en-
tropy this interpretation can be taken further. Let p,q,r € Prob(A) be three different
probability distributions and suppose X is a random variable with law ¢, while

x = (x1, -+ ,,) is a string of observations producing by sampling n copies of X. If

Drcr(pllg) < Drr(r|lg), (2.30)

the probability one mistakenly concludes the z was produced by a random variable with
law p is greater than the probability one mistakenly concludes that x was produced
by a random variable with law r. So ¢ is more easily mistaken for p than r, and the
Kullback-Leibler relative entropy encodes that behavior. It is in fact quite common
for the Kullback-Leibler relative entropy to be referred to as the distance between two
probability measures. While the Kullback-Leibler relative entropy does not satisfy the
definition of a metric, namely it is not symmetric, it does successfully replace the role
of the Euclidean metric in our first naive definition of the test FE, in (2.16|). Recall, we
wanted use the distance between the empirical measure L,(z) from p and ¢ as means
to determine if z was produced by a random variable with law p or q. By replacing the
Euclidean metric with the Kullback-Leibler relative entropy, we can instead define the
test

= {z € A" Dk r(Ln(z)|[p) < Drr(Ln(z)llg)}- (2.31)
And in a rather unexpected fashion, the Kullback-Leibler relative entropy makes an
appearance in Chernoff’s lemma. Namely, let © = (z1,--- ,2y) € A™ be a string of

observations and suppose n, is the number of time a € A appears in the string z, then

Drp(Ln(2)|lp) < Dri(Ln(z)llq) <= Z—logp >Z—1qu (2.32)

acA a€A
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p'(x) = [T o)™ = [T a(a)™ = ¢"(2), (2.33)

acA acA
therefore we have

T = {a € A% p'(2) > ¢"(2)} = Ru. (2.34)

In Chernoft’s lemma the role of a relative entropy is twofold. Firstly, under the assump-
tion that it is equally important to not mistake p for ¢, or ¢ for p, the Chernoff relative
entropy captures the most effective way one can use observational data to distinguish p
and ¢. Secondly, the Kullback-Leibler relative entropy can be used to define the Chernoff
optimal test as shown in (2.31)) and (2.34).

We finish of our section on classical hypothesis testing by stating what we call the opera-
tional Sanov theorem, which is essentially a generalization of of Stein’s lemma. To state
this result we will generalize our initial hypothesis testing setup. Recall we originally
wanted to conclude if a random variable X is distributed according to p or ¢q. This type
of hypotheses are called atomic, since for both the null and alternative hypothesis, X can
only be distributed according to one measure. Now let B, C' C Prob(A) be two disjoint
sets of probability distributions and assume X has a distribution u € Prob(A) such that
either € B or € C. We can make the hypotheses,

Hy : X is distributed according to a measure in B,

H; : X is distributed according to a measure in C. (2.35)

This type of hypothesis testing is known as compound hypothesis testing, and we say
both the null and alternative hypothesis are compound. For a given test T,, C A" we
again specify:

if x € T,, = accept Hy,
if v ¢ T, = Accept H;. (2.36)

We can extend the definition of a type I and type II error for a test T,, C A",

a(T,) == sup{p"(A"\T.);p € B}, B(Tn) :=sup{¢"(T,);q € C}, (2.37)

where we take the supremum over B and C to assess the test T,, under the worst possible
circumstances. Note if B = {p} and C' = {¢}, as is the case in simple hypothesis testing,
then the previous definition of a type I and II error coincide with the two above. Moving
on, for > 0 we define the analogous Stein optimal error rate as

B 5(B,C) = inf{B(T,); T, € A" and o(T,) < d}. (2.38)
We can now state the extension of Stein’s lemma to compound hypothesis testing.
Theorem I1.2.1 (Operational Sanov Theorem). Fix 6 > 0 and let B,C C Prob(A). For
all n € N define 3 5(B,C) as in (2.38). Then

.1 . )
lim —log 84(B,C) = — _inf Dics(plla). (2.30)
’ B,geC

n—oo N, peE
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We will postpone the sketch proof of [Theorem I1.2.1] to Section [[1.2.3] In the setting
that C' = {q} is a singleton, the quantum extension of the operational Sanov theorem is
often referred to as the quantum Sanov theorem. We will state and prove the quantum
extension of [T'heorem I1.2.1] however, we restrain from calling it a proper extension of the
Sanov theorem, and rather consider it an extension of the operational Sanov theorem. At
a later stage in this thesis we will prove a result in the quantum setting which we believe
more closely resembles the classical Sanov theorem. However, first we must understand
and prove the classical result.

I1.2.2 Sanov’s theorem

Suppose A is a finite non-empty set, in this section we focus on proving Sanov’s theorem in
the simplified setting where A, paired with o-algebra of all subsets of A, is our underlying
measure space. At a later stage we treat the case where the underlying space is instead
Polish. In part, we first prove Sanov’s theorem in the finite dimensional setting since
we do not assume the reader is familiar with large deviation theory. Additionally, all
efforts taken to extend the Sanov theorem to a quantum regime have also been limited
to the finite dimensional setting. When making comparisons between the classical and
quantum versions of the Sanov theorem, we believe one should limit the scope to two
finite systems. We build on the proofs presented in [26] for most of our results. Fix an
n € N and equip Prob(A) with the weak topology, which in this case is equivalent to the
Euclidean topology as described in . We will extensively be studying the empirical
measure L, : A" — Prob(A), which maps string of n observations to probability measures
L,(x) € Prob,(A) C Prob(A), which is the subset defined as

Ng

Prob,(A) := {p € Prob(A);Va € A, 3n, € N, such that p(a) = —} (2.40)
n

Note that Prob,(A) can equivalently be defined as the image of the empirical measure
L’)"L?

Prob,(A) = {L,(z);x € A"} = L,(A"). (2.41)

Sanov’s theorem captures the asymptotic behaviour of the empirical measure L, when
the number of observations n — oo. The behaviour of L, is always described with
respect to a fixed measure ¢ € Prob(A), in fact by using the empirical measure L,, and
q we can induce a probability measure on the set Prob,(A) = L,,(A"), where for each
L,(x) € Prob,(A) one assigns the probability p"(x). Quite satisfyingly, the induced
measure on the set Prob, (A) can be extended to a probability measure over the set of all
probability distribution Prob(A). That is, for any weakly measurable set {2 C Prob(A)
the measure of €2 is given by

¢"(L,' () = ¢"(La € Q). (2.42)

An important conceptual remark about Prob,(A) is that the union of all Prob,(A) is
dense in Prob(A),

( U Probn(A)>— — Prob(A), (2.43)

neN
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We can prove this result with two strategies: one is an elementary approach using that
Q is dense in R, which we do in the appendix (Lemma A.4.2), and the other is an
application of |Proposition 11.2.1} As for the latter argument, for all p € Prob(A) we
know lim,, o, Ln(z) = p, for p" almost every x € AN. Now pick one x € A" with the
property that lim,, . L,(z) = p, then L, (x) € Prob,(A) for all n € N, thus p is in the
closure of J,, .y Prob,(A). Keeping this in mind, for any weakly open © C Prob(A) we
can conclude for large enough n,

L;H(Q) # 0. (2.44)

A useful interpretation of L;1(Q2) C A™ is that it is the collection of the string of obser-
vations that will most likely be produced from sampling any ¢ € €2 exactly n times. The
important idea to keep in mind is that for all n € N the Bernoulli measure ¢" on the set
A™ induces a distribution on Prob(A) through the empirical measure L,,, and this frame-
work is exceptionally useful. It is at this point that we can make our first asymptotic
statement about the behaviour of the empirical measure.

Proposition I1.2.2. Let Q) C Prob(A) be a weakly open set and q € ) then,
lim ¢"(L, € Q) = 1. (2.45)
n—oo

Furthermore, there exists an D > 0 such that for all 0 < d < D and large enough n,

q"(L, € Q) > 1 — exp(—nd). (2.46)

It should at this point come as no surprise [Proposition [1.2.2| is conveniently another
consequence of the Sanov theorem. We therefore leave the proof of |Proposition [1.2.2]
until the next section, and for now focus on its interpretation. In |Proposition I1.2.2] we
first establish that for all ¢ € Q, the sets L 1(2) C A™ are typical, precisely meaning
that holds. Moreover, if one samples a string = (x, -+ ,2,) from a random
variable with law ¢ € €2, then the probability that L,(x) € Q as n — oo will approach 1
exponentially fast. As of now, this is our only knowledge about the asymptotic behaviour
of L, with respect to sets 2 C Prob(A) that are weakly open and probability measure
qg € 2. Keeping in mind we are interested in understanding the general asymptotic
properties of the empirical measure, thus we can loosen the two assumptions we made in
[Proposition 11.2.2] Namely, instead assume € C Prob(A) is weakly measurable, and take
any probability measure ¢ € Prob(A). At last, we are now at a point where we can state
Sanov’s theorem.
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Theorem II.2.2 (Sanov’s theorem). Suppose A is a finite set and |A| > 2. Let q €
Prob(A) and let Q C Prob(A) be weakly measurable. Then

1
— inf D < liminf = log ¢"(L,, € Q
Jnf Drw(pllg) < liminf —logq"(Ln € Q)

1
< lim sup - log¢"(L, € ) < —pie%fi Dgkr(pllq), (2.47)

n—oo
where Q° is the interior of 2 and Q2™ the closure of ).

For now we will focus on proving Sanov’s theorem, and leave most of the discussion

about its consequences to Section [I1.2.3. We will make extensive use of [Lemma [I.2.4] and

emma [[.2.5] which we will soon state and prove. For both lemmas we will make use of
the Shannon entropy S : Prob(A) — [0, 00).

Definition I1.2.2 (Shannon Entropy). Let A be a finite and non-empty set. We define
the Shannon entropy for g € Prob(A) as

S(q) ==Y _ qla)logg(a). (2.48)

Lemma I1.2.4. Let n € N and p,q € Prob,,(A) then,

¢"(Ly'(p) < ¢"(Ly ' (a))- (2.49)

Moreover, for every q € Prob(A) and p € Prob,(A) if p < q then

0" (Lo =) = |L'0) | exp (= n(Drr(plla) + S(r))). (2:50)

Proof. Fix an € N and let p,q € Prob,(A) while (n,)aca € N? and (m,)eca € N? are
the two unique vectors such that for all a € A,
Ng Mg

gla)=— and p(a) = —. (2.51)

n n

We will use that x € L, (p) iff each element a € A appears exactly m, times in the string
x. Keeping this in mind, the cardinality of L, (p) should in fact be equal to the number

of ways n items can be distributed in d = | A| different sets which sizes my, - -+, mg where
each my, -+ ,mg € {my;a € A} is unique. That number is the multinomial coefficient
_ -1
1L (o) = n! ([ ] ma!) (2.52)
acA

Using this relation we then obtain

= nl( H ma!)_l H q(a)™. (2.53)
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In a near identical fashion we have
n(r— -1 n
¢"(Ly (@) = n!([[na)) ™ ] al@)™. (2.54)

Therefore,

qn(L;Ll(p» H na' (na)ma Ta Ng Mag—Nag NMa—Ma
n(J—1 - | . = H '<na) N
q"(Ln'(q)) aca Mtar 2 T acA e’
na! Ma—"N,
=115 (2.55)
acA Y
Using that for all n,m € N,
|
% < (2.56)

as proved in the appendix in we can conclude

¢" (L, (p) < ¢"(L, (). (2.57)

As for the second statement, assume ¢ € Prob(A) and p € Prob,,(A), and as before let
p(a) = = for all a € A. Then,

(L' p)= Y. q Z I

€Ly (p) z€Ly ' (p) a€A
= [L,' (p)] Hexplog qla)™) = |L, (p)] eXpZmalogq(a)
acA acA
=L, (p)] exp (NZP( log g(a) —n Y _ p(a)(logp(a) — log q(@)))
acA acA
= |L; (0)| exp (= (D (pllg) + S(p)))- (2.58)

]

The next lemma we will show provides estimates for the cardinalities of Prob,(A) and
L. '(p) when p € Prob,(A).

Lemma I1.2.5. Let n € N and p € Prob,(A) then,

(1+n)"exp(nS(p) ‘L | < exp(nS(p))), (2.59)

and

‘Probn(A)| < (1+n), (2.60)
where |A] = d.

Proof. We begin with the easiest case. Notice that
d
Prob,,(A) ~ {(nl, -, ng) € N an = N}, (2.61)
k=1
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and trivially for any k € {1--- N}, ny € {0,--- ,n}. Thus there are at most (N + 1)
possible values for each nj and

|Prob, (A)| < (n+1)%

Now we will show the estimates for the set |L,*(p)|. We begin with the upper bound, let
r = (11, -+ ,x,) € L, (p), by assumption we know for all a € A there exists an n, € N
such that p(a) = %«. Since L,(x) = p the element a € A appears exactly n, times in the
string x. Thus,

p"(x) = [ [ o) = [ ] pla)™

acA
= H exp log (p(a)™) = exp <n Z % log p(a))
acA acA
= exp(—nS(p)). (2.62)
implying
P'(La (p) = [La ()| exp(—nS(p)) <1 = |L7'(p)] < exp(nS(p)). (2.63)

For the upper bound,

1= Z p(z) = Z P (Ly (1))

zEAn LEPTOby, (A)
< Y (L)
EPTOby, (A)
< (1+n)"p"(L," (p))
= (14 n)’|L, (p)| exp(—nS(p)), (2.64)

where in the first inequality we we apply (2.49), in the second inequality we use that
|Prob,(A)| < (1+n)¢, and in the last equality we use ([2.62)). O

Before we finalize the proof of Sanov’s theorem, we will briefly discuss how this result is
an example of a large deviation principle, as defined in the appendix (Definition |A.2.3)).
Let X = Prob(A) and G be the o-algebra of all weakly measurable subsets of X. As
discussed previously, for all ¢ € Prob(A) and n € N we can extend the Bernoulli measure
q" to a probability measure in Prob(&X’) with the empirical measure L,. If we denote

q" o L' € Prob(X) as the probability measure satisfying

"o L 1(Q) :=q¢"(L, € Q), (2.65)

for all 2 € G, then Sanov’s theorem equivalently states that the sequence of measure
(¢" o L '), en satisfies a large deviation principle on X’ with rate function

I(p) :== Dk (pllq), where p € X. (2.66)
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Proof of Sanov’s|Theorem [1.2.2.

We will prove that for all open U C Prob(X) and closed V' C Prob(X) ,

1
—inf D <liminf — log ¢" (L 2.
inf Drcr(pllq) <liminf —logq"(La), (2.67)
1
— inf Dgr(pllg) >limsup —log¢"(Ly). (2.68)
peV n—oo N

By |[Proposition A.2.1| this condition is equivalent to (2.47) and thus proves Sanov’s the-
orem. We begin by showing (2.67). Let U C Prob(A) be open and assume

inf Dgr(pllg) < oo. (2.69)
peU

If inf,epy Dk r(p||lq) = oo then the inequality trivially holds. Let € > 0, by definition of
the infimum we know there exists a p € U such that

Drr(pllg) — e < ;gg Dk (pllg)- (2.70)

Furthermore, there exists a sequence of probability measures (p,),en such that
pn € Prob,(A), p, < p and p, — p as n — oo, where we use

( U Probn(A)>7 = Prob(A), (2.71)

neN

as proven in[Lemma A.4.2] In general, the Kullback-Leibler relative entropy with respect
to ¢ is continuous on the domain

Dkr(v|lg) : {p € Prob(A);p < ¢} — [0, 00). (2.72)

This immediately follows from the fact that the function
(x,y) — zlogz — xlogy, (2.73)

is continuous on (0,1) x (0,1) € R% By assumption p € U, where U is open, so there
exists a K € N such that for all n > K, p, € U. Moreover, if a € A and ¢(a) = 0,
then we can assume for all n € N, p,(a) = 0, namely, the sequence of probabilities are
absolutely continuous with respect to p and therefore also ¢. Since the Kullback-Leibler
relative entropy is continuous on the set {p € Prob(A);p < ¢}, we can pick an M € N
such that for all n > M,

| D1 (palla) — Drr(pllg)] < e. (2.74)
Let n > max{M, K} by (2.50) in [Lemma II.2.4] we have

% log ¢"(Ly) = %log q"(Ly = pn)
= Dlog (| ) exp (—n(Dirlalle) + S) ). 275)

Next we apply the fact that the function z — log z is increasing on R+ along with (2.59)
in [Lemma 11.2.5]
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%log ¢"(Ln) > %log {4 n) exp(nS(p)) exp (= n(Dics(palla) + Sn)) }
= Jtog {1+ m)exp (— nDrapalla) }
- _% log(1 +n) — Dg1(pallq)
> _g log(1 +n) — Dir(pllq) — &

d
> ——log(1+n) — 2¢ — inf Dk (pllq). (2.76)
n peU

Upon taking the limit inferior of both sides and then letting € | 0 we obtain (2.67]). Now
we will prove (2.68]), which turns out to be much simpler. Let V' C Prob(A) be closed

and n € N, then by (12.50)),

qn(Ln) = Z qn(Ln = p)
pEVNProby, (A)

= > L ®]exp (= n(Drulplla) + (), (2.77)

JASH
peVNProb, (A)

where we use the fact that ¢"(L.'(p)) = 0 if p € ¢, namely if there exists an a € A
such that ¢(a) = 0 and p(a) = 2= # 0, then any string « = (x1,--- ,x,) € L, (p) will
necessarily contain m, elements with the value a and ¢"(z) = 0. By applying (2.59) we
have

(L) = Y |L'®)]exp (= n(Drrlpllg) + S(p)))

p<Lq;
peVNProby, (A)

< > exp®Sp)exp (—n(Drrlpllg) + S(p)))

p<Lq;
peVNProb, (A)

< > e (-ninf Dru(pllg), (2.78)

p<Lq;
pEVNProb, (A)

where we use the fact that = — exp(—z) is a decreasing function on R*. Finally, we
apply (2.60)) in [Lemma I1.2.5|to obtain

1 1
~logq"(Ly) < —log { (1 +n)"exp (~ninf D } 2
logq"(Ly) < —logq (14 n) exp (= n inf Dicr(plla)) (2.79)
d
= —log(1 —inf D 2.
- log(1+n) — inf Dcr(pllg), (2.80)
and by taking the limit superior of both sides we get ([2.68]). O
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I1.2.3 Implications of Sanov’s theorem

Throughout this chapter we have postponed a handful of proofs, including a proof of
Stein’s lemma and several asymptotic results regarding the behaviour of the empirical
measure L, : A" — Prob(A). The main motivation for doing this was that we wanted
to show that in principle all these results follow from Sanov’s theorem. While it is not
strictly necessary to use Sanov’s theorem to prove any of the results, we like to explicitly
showcase how the asymptotic behaviour of the empirical measure is a fundamental result
in probability theory. And therefore, in the context of quantum probability it is very
natural to investigate if there is any proper quantum extension of Sanov’s theorem. The
proceeding chapters in this thesis are all dedicated to this investigation, and a result from
our research is that it is in fact not possible to have a completely analogous extension of
Sanov’s theorem to the quantum setting. To appreciate how this result establishes key
differences between classical and quantum probability, we must first understand some
consequences of Sanov’s theorem in the classical setting. There are two technical state-
ments we will make use of throughout this section:

Proposition I1.2.3. Let ¢ € Prob(A) and V' C Prob(A) be a weakly closed set such that
q¢ V. Then

1.
inf Dk (pllg) > 0. (2.81)
peV

2. Assume for all a € A that q(a) > 0, and suppose U C Prob(A) is a weakly open or
closed set. Then

inf Dgp(pllg) = inf Dgr(pllg) < oc. (2.82)
pelU®° peU

Proof. 1. Suppose inf,ey Dir(pllg) = 0, then by definition of the infimum there exists a
sequence (p,)nen € V such that

Tim D (pallg) = 0. (2.83)

Then by a straight forward application of Pinsker’s inequality (Proposition A.2.2)) there
exists an C' > 0 such that,

lpn = all < Cv/Dirlpalle),  YneN. (2.84)

Therefore p, — q as n — o0, and since V' is closed that would imply ¢ € V' which leads
to our contradiction.

2. Since we assume for all a € A that ¢(a) > 0, the Kullback-Leibler relative entropy
with respect to ¢

Dgkr(+]|q) : Prob(A) — [0, 00), (2.85)

is continuous on the whole set Prob(A). Therefore U~ C Prob(A) is a closed and bounded
set and by the Heine-Borel theorem it is compact. Finally by the extreme value theorem,

inf Dgr(pllg) = inf Dgr(pllq). (2.86)
peU° qeU~
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That is, the infimum over U~ is achieved by some p* € U™, and there is as sequence
(Pn)nen € U that converges to p*. =

We return to proving [Proposition I1.2.1| which in fact is another formulation of the strong
law of large numbers stated in [Theorem A.2.4] Recall that a for a non-empty finite set
A we defined F to be the o-algebra generated by cylinder sets in AN. Then, for
some probability measure g € Prob(A), [Proposition I1.2.1|states that for ¢ almost every
r € AV, we have lim,_,, L,(z) = ¢, where the convergence is with respect to the weak
topology, or equivalently pointwise convergence on A given |A| < co.

Proof of [Proposition II.2.1 Let g € Prob(A) and define Ay := {a € A;¢(a) > 0}, we can
then consider ¢ € Prob(Ap), and we will apply Sanov’s theorem in this setting. For € > 0
and p € Prob(Ay) define the two open sets

Voe(p) := {h € Prob(A); ||h — p|| > €}, (2.87)

Boe(p) := {h € Prob(Ao); [ — pl| < e}, (2.88)
where by construction By (p)® = Vi .(p)~. By [Proposition I1.2.3| we then know

inf Dr(pllg) = inf Dki(pllg) = Jnf  Drr(pllg) < oo, (2.89)

PEVD,e(q) PEVD.(q) pE€Bo.(q)

and Sanov’s [Iheorem 11.2.2 states

1
lim —logq" (L, (Boe(q)?)) = — inf  Drr(pllq). (2.90)

n—oo 1 PEBo,e(q)

Since By (q)° is closed and g ¢ By .(q)¢, by [Proposition 11.2.3|

inf  Dgr(pllg) =D > 0. (2.91)

PEBo,(9)°
Therefore for § > 0 there exists an M € N such that for all n > M,

1 — ¢"(Lnoe(q)) = ¢"(Lnos(q)°) < exp (—n(D —9)). (2.92)

Let n € N, recall the empirical measure L, : AY — Prob(Ag) can be seen as a function
on AY. Define

Ko =Ly (Boe(a)) = { € Ay; Lu(a) € Boo(q)°}
— U . U {[al, ce )3T € ag, -+ a,) 8.8 Ly(x) € Bo,s(q)c}. (2.93)

a1€A0 anQ
The second equality holds above since for any set Uy C Prob(Ay), if a1, - , ano and there
exists an b € [ay, - - - , a,] such that L, (b) € Uy, then for all x € [ay,--- , a,], Ln(x) € Ub.

Therefore, in probability space (AY, Fo,¢") the sets (Ko, )nen C Fo are measurable and

by 292).
> 0" (Lnoe(@)) =Y ¢"(Kop) < oo, (2.94)
n=1 n=1

Finally, by Borel-Cantelli’s ['heorem A.2.3| we have

qN({a € AY; Ln(a) € By.(q)° infinitely often}) =0, (2.95)
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or stated otherwise, for ¢ almost every a € AL we have L,(a) ¢ By.(q) for at most
finitely many n, so there exists an M € N such that for all n > M, L, (a) € By.(q).
Because € > 0 was taken to be arbitrary, we can conclude that for ¢~ almost every
r e A,

lim L,(z) = q, (2.96)

n—o0

where the convergence is with respect to the weak topology on Prob(Ay). Now we will
extend this result to the measure space (AY, F, ¢"). Notice for all k € N and
ai, - ,ar € Ag € A we have,

lag, -+ ,ax] C F, (2.97)
which implies Fy C F. Moreover, for all events [ay,- - ,ax] € F,
q¢"([ar, - ,ax]) >0 <= |, -+ ,ax] € Fo, (2.98)
and for all B € F,
¢"'(B) = ¢" (BN Ay) +¢"(B\Ay) > ¢"(BN Ap). (2.99)
Now define the open ball
B.(q) := {p € Prob(A); lp — ql] < e}, (2.100)

then if we view Prob(Ag) C Prob(A) as the set of probability distributions whose support
is contained in Ay, we also have that

Bo(q) € B:(q). (2.101)
Hence,
1 >¢" (a c AN, L,(a) ¢ B.(q) for at most finitely many n)

>q" (a € AY;3M € N such that Vn > M, L, (a) € Bo,s(q)) =1 (2.102)
Since € > 0 was arbitrary we then get for ¢" almost every z € AN that

lim L,(x) =q. (2.103)

n—o0

]

It should be pointed out that we also largely proved |Proposition I1.2.2/ in our argument
above. The details are as follows.

Proof of [Proposition TI.2.9. . Let q € Prob(A) and Q C Prob(A) an open set containing
q. Let Ay = {a € A;q(a) > 0}, as in the previous proof we will consider ¢ € Prob(Ay) C
Prob(A) and apply Sanov’s theorem in this setting. Because ) is open there exists an
e > 0 such that B.(q) C €2, where B.(q) is defined in (2.100]). Furthermore, ¢ € By.(q)
which was the open ball in Prob(A4y). Clearly B.(q)¢ is a closed set in Prob(A) and
q ¢ B:(q)°, similarly By.(g)° is closed in Prob(4,). By (2.92)), for all 0 < d < D =
inf,ep, . (qc Drr(pllg) there exists an M € N such that all all n > M,
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qn<Ln0,£(q)) 2 1— eXp<_nd)v (2104)

where crucially we view ¢ € Prob(Ayp), which is necessary since we are indirectly applying
[Proposition 11.2.3] We can view Bj.(¢) = B:(q) N Prob(Ay) C Prob(A), and then we
finish the proof with the inequality,

q"(Ln € Q) > q"(Lne(p) = " (Lnoe(q))- (2.105)
0

So far we have used Sanov theorem to capture two similar results capturing the limiting
behaviour of the empirical measure L,, : AN — Prob(A). [Proposition I1.2.1| puts us in a
very neat setting. Namely, if (z,,),en € AY is a sequence of observations made from an
i.i.d sequence of random variables (X,,),en with law ¢ then with probability equal to 1
the limit lim,, o L,(7) = Lo () exists and Ly (z) = ¢. It is interesting to point out the
limit Lo (z) is generally not well defined. Even in the simple case A = {0, 1} there are
sequences y € AN such that

liminf L, (y)(1) # limsup L, (y)(1). (2.106)

n—00 n—o00

It is quite extraordinary that Kolmogorov’s extension theorem along with|Proposition I1.2.1]
captures (up to set of measure zero) the collection of all sequences x € AN for which the
limit L. (z) is well defined. In the special context of studying i.i.d random variables, this
observation sheds some light on how we should think about randomness in mathematics.
That is, for a sequence x € AN if liminf,_,, L,(a) # limsup,, ... L,(a) for some a € A,
then x cannot meaningfully be considered to be a random event produced by sampling
an i.i.d sequence of random variables (X;);ey on A. The rather counter-intuitive part of
this argument is for all x € A", the probability of sampling that sequence is zero, that
is for all p € Prob(A), p"(x) = 0 even if Lo, (x) = p. In [25] this anomaly is referred to
as the paradox of probability, and we refer the reader to this work for a more detailed
discussion about randomness in mathematics and physics.

To continue with our program, |Proposition I1.2.2| provides a more operational result than
[Proposition I1.2.1, Namely, from |Proposition I1.2.2|for a finite string of observations x =
(21, -+, x,) the probability that the empirical measure L, (z) is in some & neighbourhood
around ¢, converges exponentially fast to 1 as n — oo. This result has an immediate
consequence in the hypothesis testing framework. Recall, given two distinct probability
measures p, ¢ € Prob(A) in (2.16) we defined the test

E, = {xz € A% ||Ln(2) — p|| < ||Ln(z) — ql| }. (2.107)
We can reconstruct this test as follows. Define Qg C Prob(A) as

Qp := {h € Prob(A); ||h — p|| < ||h — ql}. (2.108)
Then for all n € N,

E,=L'Qg) and A"\E,=L,'(Q5%). (2.109)
The type I and type II error probabilities are now given by
a(BE,) =p"(L, € Q}) and B(E,) =q¢"(L, € Qp). (2.110)
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Since the set Qg is open and p € Qg, by |Proposition [1.2.2| we know there is some d > 0
such that for large enough n,

p" (L, € Q) =1—a(E,) > 1—exp(—nd), (2.111)
or for all € > 0 there exist an M € N such that for all n > M,

a(E,) < <. (2.112)

Hence, for all n > M it follows 8(E,) > B, where (7, was the the Stein optimal rate
defined in (2.22)). And because q ¢ ),

heQp heQy

If we set dy = infreq, Dir(h||lq) and dy = infhGQE Dgkr(hl|g), then by Sanov’s

1 1
—dy < liminf —log B(E,) < limsup — log B,(E,) < —ds. (2.114)

n—oo 1 n—oo T
In the case g(a) > 0 for all a € A, then d; = dy and we have the more palatable result
1 .
Jim —log Ba(En) = — inf Dicr(hllq). (2.115)

It should not come as a surprise that Dk (p||q) > infreq, Drr(h||q), which follows from
the strict convexity of the Kullback-Leibler relative entropy. Thus the test FE, is not

a realization of the Stein optimal test Sy which would need to satisfy 3,(Sy;) = By .,

but it does confirm that the naive test E, constructed from an intuitive perspective is
by no means a poor choice. Moreover, the strategy of constructing a suitable subset
Qr C Prob(A) such that

B(T,) =q¢" (L, € Qr), and «o(T,)=p"(L, € Q7), (2.116)

for specific sequence of tests T,, C A" is the essential step we need to prove both Stein’s

and Chernoff’s from Sanov’s theorem. In the proof of these

statements the following inequalities about the type I and II errors will be useful:

Lemma I1.2.6. Let n € N and take any A € R. Define the test T}(\) C A™ as

Tr(N) = {a e A" p"(a) > exp(n)\)q”(a)}, (2.117)

then for any test ), C A™ we have

a(@n) + € B(Qn) = a(T; (V) + €™ B(T (V). (2.118)
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Proof. 1If Q,, C A", then

a(Qn) + € B(Qn) = p"(Q5) + "¢ (Qn) = 1 — p"(¢") + €"¢"(Qn)

= a(T}) + " B(T7) (2.119)
O

Proof of Stein’s[Lemma IT.2.9. We will show Stein’s lemma is a consequence Sanov’s the-
orem in three steps. We will focus on proving Stein’s lemma for p, ¢ € Prob(A) such that
p < q and p is not a Dirac distribution. The situations p <« ¢ and p = ¢, for some a € A
are much simpler and we omit proving these cases.

Step 1: Consider the hypothesis testing setup as described in (2.13)). Let & > 0 and
n € N. We recall the definition of g, _ in (2.22), which was given as

Bre = inf{B(T); T C A" given o(T) < €}. (2.120)
Let 0 < § < e be arbitrary, in this step we show the useful fact that for large enough n,

Brems = IE{B(TLO0); 0(T7 (V) < e, (2.121)

meaning one can take the infimum over the specific tests (7.°(\))rer € A" as opposed
to all tests. To prove this we will make use of [Lemma I1.2.6] Take an arbitrary test
Q. C A", such that o(Q,) < € — 9§, then by [Lemma 11.2.6| we have for all A € R,

a(@n) + " B(Qn) = T3 (V) + BT, (V). (2.122)

Therefore, if there exists a A € R such that a(Q,) < a(T}(\)) < e, then necessarily
B(Qn) > B(Tr(N)). Since the test @, is arbitrary follows. To prove the existence
of a A € R such that a(Q,) < a(T(N\)) < &, we will prove for any subinterval (x;,z3) C
(0,1) there exists an M € N such that for all n > M there exists an A € R dependent on
n, such that a(T(N)) € (z1, xa).

Notice for all A € R,

a(T; (V) = p" ({a € 47 p"(a) < exp(nA)g"(a) }) (2:123)
< |A"e™, (2.124)

so as A — —oo we have a(T*(A)) — 0. On the other hand, for all a € A", p™(a) < 1, so
clearly for A — oo we have a(7T5(\)) — 1. Define the function A, : R — [0, 1] as

Ap(N) = p”({a € A% p"(a) = exp(nA)q”(a)}), (2.125)

because the set A" is finite and p < ¢; if p™(a) > 0 then there exists a A\g € R such that
p"(a) = exp(nXg)q™(a). Hence if

L:= Ha € A" p"(a) < exp(n)\)q"(a)}‘, (2.126)
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there exists Ay, -+ ,A\p € R where \; < A for ¢ € {1,---, M}, such that

(T () = D An(h). (2.127)

The key property to prove is that uniformly for all A € R,
lim A,(\) =0, (2.128)
N—oo

that is, for any v > 0 there exists an M € N such that for all n > M and all A € R,
AL (A) <. (2.129)

Assume the uniform converge property is true, set v = and consider n large enough
such that for all A € R holds. Using that limy_,_ a(75(\)) = 0 we can pick
a A_ € R and A; € R which are both independent of n such that «(7;*(A_)) = 0 and
a(TF(Ay)) = 1. Namely, we only require

X2—71
2

exp(A_) < min {ZLC?;p(a) >0,a € A},

q(a
exp(A;) > max {%; q(a) > 0,a € A}. (2.130)
As in (2.127)), consider all the A_ < \; < --- < A\ < A\, such that
L
(T = 3 Aun) = 1, (2.131)
i=1
then by assumption
0<A,(N) <7, forallie{l,---,L}. (2.132)

Since a(T*(A1)) = An(A\1) < 7, we know there exists an Ly < L, which is obviously
dependent on n, such that

Lo
D ALN) € (21, 22). (2.133)
i=1
Therefore take A = A\, and then a(T*(\)) € (z1,22). What is left to show is that for
any v > 0 there exists an M € N such that for all n > M and all A € R,
An(N) <. (2.134)

Fix A € R and define the random variable, Z : A — R as Z(a) = logp(a) — logq(a)
for a € A when p(a) > 0, and Z(a) = 0 otherwise, recall we always assume p < ¢. By
construction E,[Z] = Dk (pl|lq), and if

Sp =2y 4+ Zn, (2.135)

is the sum of n i.i.d copies of Z then,
p" (S, =n\) =p" <a e A™; Z log p(a;) —logq(a;) = n)\)
i=1

=p" <a € A" logp"(a) — logq"(a) = NA)
n(A). (2.136)
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By the Central Limit [Theorem A.2.6|if p = E[Z] and ¢ = E[|Z — p|?] then for all b > 0
there exists an M € N such that for all n > M,

An(X) = p" (S, =nA)

rasoe ()
(i< (V)

v oo 1 bo bo
I (55" (%5)

SRR N
We can then pick b such that
/ exp(—t2)dt < 1 (2.138)
V2 2’

and we can concludes the uniform convergence property holds in (2.128)), and more im-
portantly if we take (z1,x2) = (¢ — d,¢) then we can conclude (2.121)).
Step 2: Define the set

Qg := {h € Prob(A); Dir(hllq) > Dxr(hl|p) + Dkr(pllg)}, (2.139)

in this step we will show step 1 implies for all ¢ >0 and 0 < d < ¢

1 1
liminf — log ¢" (L,, € Qg) < liminf — log Bre—s

lim sup — log q (L € QS) > lim sup — log B s (2.140)
n—oo n—oo

Let z € A™ such that p"(x) > 0 and with n, we denote the number of times a € A appears
in the string z, let \* = D (p||q) then the following three equations are equivalent,

Dicr(Ln(2)]lq) > D (Ln(2)[p) + A",

—Z;logq a) > —Zglogp(a)JrX“a

acA a€A
p"(z) > exp(nA”)q" (z), (2.141)
therefore,
L,'(Qs) = {z € A" D1 (Ln(2)lg) > Dicr(La(2)|lp) + A*}
=T, (X). (2.142)

Now recall the definition of the random variable S, in (2.135). By (2.141)) we then get
the following two relations:

TX(N) ={a € A" S,(a) > n\}, (2.143)
a(Tr(N) = p" (S, < nA). (2.144)
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From the conclusion of step 1, namely (2.121)), we know for all n € N there exists a test
An, € R such that

AT 0w < s (147 ). 2145

Moreover, for all n € N we require a(77(\,)) < € and from the observations made in
(2.130) we can assume A, € [A_, A\, ], therefore by compactness of the closed interval we
can assume without loss of generality that A\, — A\* as n — oo for some \* € [A_, \,].
Now we will prove by contradiction that \* = Dgr(p|lg). By the weak law of large
numbers, as stated in [[’heorem A.2.5 we have for all v > 0,

lim pn( %s,, - DKL(qu)‘ > 7) —0. (2.146)

n—oo

Suppose 7 = | Dicx,(pllg) — A*| > 0, then

lim o* (T (A\")) = lim p"(S, <nA*) =1— lim p"(S, > n\")

n—00 n—00 n—r00
) n( 1 *
=1 limp (ES” — Dir(pllg) > A" — DKL(pIIQ)>
. n(l 1
>1— lim p ( —Sp — DKL(M'Q)‘ > 7)
n—o00 n
_1 (2.147)

which is a contradiction since we require
lim a(T)(\,)) = lim (T () <e. (2.148)
n—oo n—oo

Note, the the fact lim,, o a(T(\,)) = limy, 0o a(TF(A*)) is non-trivial and can can be
shown by the inner and outer regularity measure p~. Putting everything together we get,

1 1
liminf —log B(Tr(\*)) < liminf —log 5 __s, (2.149)
n—oco 1 n—oo M ’
1 1
limsup — log B(T;(\*)) > limsup —log 5 __;, (2.150)
n—oo n n—oo n ’

and using (2.142)) we can conclude both equations in ([2.140)).

Step 3: In this step we use Sanov’s theorem to prove Stein’s lemma. We first treat the
special setting that for all @ € A, p(a) > 0 and ¢(a) > 0. In this context the set Qg is
open in Prob(A)H This follows from the fact that the function F' : Prob(A) — R defined

as

F(h) == Dics(hllg) = Dicw (hllp), (2.151)

is continuous, and
Qg = F((Dxw(pllg), 0)). (2.152)

It also easy to verify, for example by using sequences, that the closure of (g is given by

Qg = {h € Prob(A); Dgr(h|lq) > Dkr(h|lp) + Dkr(plla)}- (2.153)

f we assume p < ¢ but there exists an a € A such that g(a) > 0 while p(a) = 0, then Qg is not
open!
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By [Proposition 11.2.3| we know

inf Dgp(h|lq) = inf Dgp(hllg) = Drr(pllq). (2.154)
heQg heQyg

By Sanov’s theorem and ([2.140)), for all e € (0,1) and 0 < 6 < &, and p, g € Prob(A) that
have complete support on A, we find

1 .
lim —log B3 . s = —Dxr(pl|q). (2.155)

n—oo N

Now fix € € (0,1) and pick 0 < § < € such that ¢g = ¢+ 0 < 1. Set 9 = 9, then
g0 — 0o = €, and by ([2.155]) we conclude for all p, ¢ € Prob(A) that have complete support
on A,

.1 .
lim —log 3, . = —Dgkr(p||q). (2.156)

n—oo N

To finish we will use to conclude Steins lemma for any two p,q € Prob(A) such that
only p < ¢, and p # ¢, for some a € A. Let Ay := {a € A;p(a) > 0}; then Prob(Ay) C
Prob(A) is the set of all probability measures that are absolutely continuous with respect
to p, which also means that h < ¢ for all h € Prob(A4y). Now define g, € Prob(A4y) as
follows. Let

Q=) ala), (2.157)
ac€Agp
and for all @ € A, define
q(a)
Gp(a) = R (2.158)

We will explicitly write 57, (p, qp) and 7, (p, ¢) to differentiate the two different hypoth-
esis testing regimes, then applying (II.2.3)) to p, g, € Prob(Aj) we obtain

N
Jim —log B2,,(p, 4p) = —Drr(pllay). (2.159)

Note in the case ¢, = p the above limit still holds since Dy (pl||g,) = 0 and B&N >1—e.
By the definition of g,, we have

* 1 : n n,  n
en(prap) = inf{q" (1) T © A p"(Tn) < e} (2.160)

Define B
Ben = inf{q¢"(T,); T,, C Ay; p"(T0,) < e}, (2.161)

and we get for all n € N,

1 1
ﬁlogﬁs,n(p7 qp) = —IOgQ + ﬁlog 5E,N7 (2162)

therefore, since
Drr(pllgp) = Drr(pllg) + 1og(Q), (2.163)

we then find the perhaps surprising relation

.1 >
lim —log ., = —Dkr(pllq). (2.164)

n—oo N
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Clearly, for all n € N, Bg,N > Bne(p,q), while for all A € R, x € T¥(\) = p™(x) >0, so
TiN) € A7 = B < ELBT )i 0(T () < <. (2,165

By applying step 1 (2.121]), we conclude Stein’s lemma holds for all p,q € Prob(A) such
that p < q and p # 4, for any a € A. n

Proving Chernoft’s lemma by applying Sanov theorem follows a very similar procedure
as we have just completed for Stein’s lemma. Below we provide an overview of the main
steps of the proof of Chernoff’s lemma.

Sketch Proof of Chernoff’s[Lemma IT1.2.5 Recall the definition of 4% in (2.23)), then by
taking A = 0 in [Lemma 11.2.6| we have

Yo = (T5(0)) + B(T7(0)). (2.166)

Define the set Q2 C Prob(A) as,

Qc = {h € Prob(A); Dk (hl|q) > DKL(th)}> (2.167)
then taking \* =0 in we have
L' (Qc) = T;;(0), (2.168)
therefore
a(T;) = p"(Ln € Q¢),  B(T7) = ¢"(Ln € Q0), (2.169)

where we write T0F = T.%(0). If we assume for all a € A, p(a) > 0 and ¢(a) > 0 then Q¢
is open and by Sanov’s theorem we have

.1 n . .
lim ~logp"(Lyn € Q) = — inf Dir(h|[p)
€Ng

n—oo M,

1
lim —log¢"(L, € Q¢) = — inf Dgr(hl|q). (2.170)
heQe

n—oo N

Using the convexity of (0,00) 3 x + logx for all n € N we have,

1/1 1
“(Zlog (T + =1 T*><
n(2 og o n)+2 og B(T;) ) <

1 *
<1og 5t log %)

1 1
ax {—log o(Ty), —logﬁ(Tﬁf)}. (2.171)

n n
Set dy = infjeqr, D (h||p) and dy = infreq. Dkr(h||q)) then we get

1 o1
_E(dl +dy) < lim ﬁlog’yn < max{—d;, —dy}, (2.172)
n—oo

the final step involves proving d; = dy = C'(p, q) where the C(p, ¢) is the Chernoff entropy
defined in (2.26). We refer the reader to the [26] for the rest of the argument. O
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Sketch proof of |[Theorem I1.2.1 Let ¢ > 0 and n € N, we will prove the lower bound.
Let B,C C Prob(A), recall in the setting of compound hypothesis testing we defined the
type I and II errors as

B(T5) = 2gg{q”(Tn)}, a(T,) = 2gg{p”(T£>}7 (2.173)
and
Bi(B,C) =inf{B(T,); T, € A", a(T,) < }. (2.174)

To prove the lower bound we will make use of two simple observations. Firstly for all
p € B we have

{T, C A" a(T},) < e} CH{T,, C A" p"(T) < e}, (2.175)
and secondly for all ¢ € C and T,, C A™ we have ¢"(7,,) < (7,). Combining both of
these observations we get for any two p € B and ¢ € C'

B e(p,q) = inf{q"(T.); T © A", p"(T})) < €} < B, (B, C), (2.176)

n,e

and by Stein’s [Lemma 11.2.2]

1 1
—Dgr(pllg) = lim —log B, .(p,q) < liminf —log §, (B, C), (2.177)
n—oo N ? n—oo N ’

and since this holds for p € B and ¢ € C', we have

1
B . S | |
sup {=Drr(plla)}t = = _inf  Dicr(pllg) < liminf —log 5 (B, C) (2.178)

pEB,qeC

We refer the reader to [8, Theorem 2] for a proof that

1
— inf CDKL(qu) > limsup —log 8, (B, C), (2.179)

pEB,gE n—oo 1

when B, C are both closed convex sets. Assuming B, C' C Prob(A) are both closed convex
sets we conclude

: .1 .
— inf CDKL(qu) = Jingoﬁlogﬁn’g(B,C’) (2.180)

pEB,gE

O
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II.3 Sanov’s theorem in more generality

In this section we state two generalizations of Sanov’s theorem, where we specifically
explain how the large deviation principle (Definition can be extended beyond the
case X = Prob(A), where A is a finite set. The key building blocks for the Sanov’s
theorem are the following:

1. A measure space (X, F),
2. the empirical measure L, : X™ — Prob(X),

3. the relative entropy Dy, : Prob(X) x Prob(X) — [0, oc],

W

. a topology 7" on Prob(X),
5. and a o—algebra G of subsets of Prob(X).

The final point which requires a o-algebra G can be omitted if G is the o-algebra generated
by the topology 7'. However, as we will soon see the Borel g-algebra B, generated by
a topology 7" on Prob(X) is not always the correct choice of G. We will first state a
generalization of Sanov theorem to the setting where X is a Polish space. At a later
stage in this thesis we use this result to prove a quantum Sanov theorem for a specific
class of infinite dimensional von Neumann algebras. Luckily, in the Polish space setting
we need only consider G as the Borel o-algebra generated by the weak topology, in which
case we say ) C Prob(X) is Borel weakly measurable if Q2 € G.

Theorem I1.3.1 (Sanov’s theorem for Polish Spaces). Let X be a Polish space and
q € Prob(X), with Dy, we denote the Kullback-Leibler relative entropy defined in (11.1.6)).
Let Q € G be Borel weakly measurable. Then

1
— inf D < liminf ~ log ¢"(L, € Q
Jnf Dy (pllg) < liminf logq"(Ly € Q)

1
< limsup —log ¢"(Ln € ©2) < — inf Drr(plla), (2.181)
p

n—oo N
where Q° 1s the interior of Q2 and 2~ the closure of 2 with respect to the weak topology.
Proof. See [12], Theorem 6.2.10]. O

Now we state the extension of Sanov’s theorem to the case where X is a Hausdorff space,
and even in the most general setting where X is a measure space. In the case that X is
Polish, we are able to take the weak topology and then consider G to be the Borel weak
o-algebra. It is obvious that a different approach will be required when stating a Sanov’s
theorem when X is a general measure space, since there are no continuous bounded
functions f : X — R to construct the weak topology on Prob(X). This is a reasonable
motivation to consider the 7-topology on the set Prob(X), since it only requires the
measure space structure on X. However, simply taking G to be the the Borel o-algebra
generated by the 7-topology turns out to be insufficient. Notably, the empirical measure
L, : X — Prob(X) can fail to be a measurable function with respect to the product
Borel o-algebra generated by the 7-topology [15], 12]. Instead we need to define a smaller
o-algebra of subsets of Prob(X). For an arbitrary measure space (X, F) the cylinder
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o-algebra G, of Prob(X) is the smallest o-algebra ensuring for all f € L>(X) the maps
ps : Prob(X) — R defined as

ps(p) = /X fdp, (2.182)

are measurable. Notice, that the 7-topology was defined as the smallest topology that
requires the maps p; to be continuous, but in general the Borel o-algebra induced by the
T-topology need not equal the cylinder o-algebra. Perhaps surprisingly, the discussion
becomes more interesting when we consider X as a Hausdorff space, since in this case we
are able to define the weak topology, as well as the and 7-topology, and hence there are
two Borel g-algebras that seem reasonable. It turns out the only viable choice is taking

g = gcy-

This discussion will become especially relevant in the last chapter of this thesis. There
we investigate how we can extend a quantum Sanov theorem in the finite dimensional
von Neumann algebra setting to the infinite dimensional von Neumann algebra setting.
We already point out that the transition from finite to infinite dimensional von Neumann
algebras in the quantum setting shares similarities to the transition from X = A being
a finite set to X being a Polish space, Hausdorff space, or an arbitrary measure space in
the classical setting. To finish this chapter we state the Sanov’s theorem for when X is
a general measure space, therefore also including the case that X is Hausdorff.

Theorem I1.3.2 (Sanov’s theorem for measure spaces). Let (X, F) be a measure space
and q € Prob(X). With Dk, we denote the Kullback-Leibler relative entropy defined in

(II.1.6). Let Q2 € G.,. Then
1
—inf D < liminf = log ¢"(L,, €
inf, r(pllg) < limin ~logg (Ln € Q)

1
< limsup —log ¢"(Ln € ©2) < — nf Drr(plla), (2.183)
P

n—oo N
where Q° is the interior of ) and Q™ the closure of Q) with respect to the T—topology.
Proof. See [1, Theorem 1.1]. O

If we return to the case that X is Polish, then the Borel o-algebra generated by the
weak topology equals the cylinder o-algebra gcy.ﬂ Despite there being no ambiguity in
the choice of the o-algebra G, if we compare [I'heorem II.3.1] and [T'heorem II.3.2| then
the remaining difference is that for Q € G, the closure (or interior) of €2 is different
for the T-topology and the weak topology, therefore these two results remain technically
distinct.

2See Exercise 6.2.18 in [12].
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Chapter 111

Quantum probability

We recall the main objective of this thesis is to gain a better understanding of randomness
in quantum mechanics. Our method is to investigate the connections between classical
and quantum probability theory with a key focus on Sanov’s theorem. In the setting
of probability theory, we view Sanov’s theorem as a foundational result which describes
the interaction we as observers have with (classical) random systems. If we limit our
interactions with random systems to sampling i.i.d events then, the empirical measure
models our interaction and, the description of that interaction is given by the asymptotic
bounds in Sanov’s theorem. In this chapter we state a few proposed quantum Sanov
theorem’s along with the quantum extensions of Stein’s and Chernoff’s lemmas. We will
follow a similar structure as in Chapter [[I We will provide a full prove of the quantum
Stein lemma and of the first proposed quantum Sanov theorem. When proving the main
results in this section we restrict ourselves to the setting of finite dimensional quantum
probability, and in Chapter we will treat the infinite dimensional case. In Section
we start off with a preliminary section and we stablish the foundational ideas in
quantum probability. To illustrate that quantum probability is truly a non-commutative
extension of classical probability, in Section we restate the Sanov [Theorem I1.2.2]in
a commutative algebraic language.

In Section we discuss the mathematical framework of measuring/sampling finite
dimensional quantum states. This topic is particularly nuanced since there is no classical
intuition to build on. In Section we cover the basics of quantum hypothesis testing,
which shares remarkably similar definitions to the classical case. The rest of this chapter
serves as a detailed literature review of the very active field of quantum probability theory.
We first prove the quantum Stein lemma in Section [[II.3.3] Directly afterwards we will
apply the quantum Stein lemma to partially prove the first quantum extension of Sanov’s
theorem proposed in [6], which we view as a quantum extension of the Operational Sanov
[Theorem II.2.1| Afterwards, we will introduce a result of a very recent paper [16], titled
Another quantum Sanov Theorem, which makes use of Schur-Weyl duality to address a
shortcoming of the first quantum Sanov theorem proposed in [6]. Understanding both of
these papers is central for the rest of our thesis, since we offer an alternative quantum
Sanov theorem that builds on the ideas presented in [6] [16].
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III.1 Preliminaries

In this section we introduce the foundations of quantum probability theory. We assume
the reader has no prior exposure to quantum mechanics, thereby offering the alternative
title of noncommutative probability theory for this chapter. We assume the reader is
familiar with basics of functional analysis, however we still state the essential definitions
and results in this section. Note in we provide a generic overview of von
Neumann algebras and functional analysis as a refresher. As opposed to the rest of
this chapter, we will not restrict ourselves to the finite dimensional quantum systems
and instead work define concepts in as much generality as possible. However, besides
for defining normal states in arbitrary von Neumann algebras (Definition we will
mostly be working with type I; factored von Neumann algebras for d € N. The complete
classification of a factored von Neumann algebras will be discussed at a later stage in this
thesis.

Definition III.1.1 (Type I von Neumann Algebra). A von Neumann algebra M is a
type 1 factor if there exists a complex Hilbert space H such that M is algebraically
isomorphic (Definition [B.0.11) to B(H), i.e. M ~ B(H). Let d € N. We call M a type
Iy factor if M ~ B(H) and H is a d-dimensional Hilbert space, and a type 1l factor if
M ~ B(H) and H is an infinite dimensional Hilbert space.

Because a von Neumann algebra M C B(H) is always a subset of some larger space
of bounded operators B(H), we are able to capitalize on the structure of B(H) when
working with M. Through the rest of this thesis we will use (-,-) : H x H — C to

denote the inner product on the Hilbert space H. With || - || : H — RT we denote the
norm ||z|| := /(z,x) on H. When convenient, for a unit vector e € H we will use

bra-ket notation and write |e) € H to denote the vector, and |e) (¢| € B(H) to denote
the one dimensional projection onto the linear space spanned by e. The following class
of operators in B(H) will be very useful.

Definition ITI.1.2 (Trace class operators L'(H)). The set of trace class operators
LY(H) C B(H) is defined as

LY(H) = {a € B(H); Z(e, lale) < oo, for an orthonormal basis E of 7-[} . (3.1)

eck

where |a| = vaa* € B(H) is defined by the functional calculus on B(H) (Theorem .
Note that the definition is independent of the orthonormal basis E.

For all trace class operators we are then able to define the trace of an operator.
Definition I11.1.3 (Trace). For any Hilbert space H we can define the trace
Tr: Li(H) = C as

Tr[v] = Z(ve, e, (3.2)

eeE

for one and hence any orthonormal basis E.

On the set B(H) we are able to define several topologies, the two we will most frequently
use are the operator or uniform topology and the o-weak topology.
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Definition III.1.4 (Topologies in B(#H)). Let H be a Hilbert space and B(H) be the
space of bounded linear operators.

1. The uniform/norm topology is generated by the operator norm
H ’ Hop : B(H) — R+, deﬁned as

lallop = sup{||az[; = € H,||z[| = 1}. (3.3)

2. The o-weak topology is the locally convez topology on B(H) defined by the family
of semi-norms (py)verr(n) defined as

po(a) = |Tr[val|. (3.4)

FEquivalently, a net of operators (ay)xea converges c—weakly to ag € B(H) if for all
v € Li(H) the net (p,(ax))rea converges to p,(ag) in RT.

The most fundamental definition in probability theory we need to extend to a noncom-
mutative alternative is that of a probability measure p € Prob(§2) over some measure
space (€2, F). Here we will give the very general extension of probability measures to
quantum probability. We will make use of the following notation. Fix an arbitrary von
Neumann algebra M C B(H) and let 1 € M represent the identity operator. With M*
we denote the Banach dual (Definition of M, i.e. the space of all norm continuous
linear functionals 1) : M — C. Let M™ represent all positive operators (Deﬁnition
in M. We can now define a state on a von Neumann algebra.

Definition ITI.1.5 (States). We call a functional ¢» € M* a state if and only if (1) =
1, and for all positive operators a € M™, (a) > 0. The set of states is denoted as
S(M).

The noncommutative alternative to Prob(€) is then defined as the set of all normal states

Sp(M) on M.

Definition III.1.6. a functional ¥ € M* is called normal if is is continuous with
respect to the o-weak topology. The set of all normal functionals on M is called the
predual, and it is denoted as M.,.

We have the following useful characterization of normal states.

Proposition II1.1.1. Let M C B(H) be an arbitrary von Neumann algebra and
¢ : M — C a state. Then ¢ is o—weakly continuous if and only there exists a p € Ly(H)
with Tr[p] =1 and p > 0, such that for all a € M

(@) = Trlpal, (3.5)
Proof. See [29, Theorem 4.2.10]. O

For an arbitrary Hilbert space H we can now define the set of density operators D(H),
this set will turn out to be a more useful noncommutative extension of Prob(2), when
compared to S,,(M). However, it comes at a cost.
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Definition II1.1.7 (Density operators). Let H be an arbitrary Hilbert space, then the
set of density operators D(H) C B(H) is defined as

D(H):={pe L'(H);Tx(p) =1,p > 0}. (3.6)
Notice, for all p € D(H), p = p* is self adjoint.
For an arbitrary von Neumann algebra M any normal state ¢ € S,,(M) can be associated

to a density operator p € D(H) due to |Proposition II1.1.1l However, a crucial point to
notice is that unless M = B(#), p is not guaranteed to be unique.

Proposition II1.1.2. Suppose M = B(H) is a type I factor and H is separable. Then
for a normal state b € S,(M) the density operator obtained in |Proposition II1.1.1] is
unique.

Proof. Suppose there are two density operators pq, po € D(H) such that p; # py but for
all a € B(H) we have

Tr[(p1 — p2)al = 0. (3.7)

Because p; — ps is a self adjoint we know by the spectral decomposition Theorem [B.0.3]
there exists a unit vector |¢) € H such that (¢, (p1 — p2)@) # 0, then take a = |¢) (¢| and

Tr[(p1 — p2)al = (¢, (pr — p2)ib) # 0. (3:8)
[l

As portrayed in the simple proof above, since density operators p € B(H) are bounded,
self adjoint, and trace class, there is a great amount of tools available to manipulate
them. In the case that M C B(H) is a strict subset, then it can turn out that there are
two density operators p; # po but for all a € M we have

Tr[(p1 — p2)al = 0. (3.9)

When a density operator associated to a normal state is not unique, then techniques
involving Tomita-Takesaki theory are required to define even the most fundamental def-
initions for normal states, such as the quantum variant of the Kullback-Leibler relative
entropy. For the rest of this section we will therefore restrict ourselves to studying von
Neumann algebras M = B(#) which are type I factors. This means that instead of
considering S,,(M) as the noncommutative alternative of Prob(2), we can equivalently
consider the set of density operators D(#H). It is standard practice in quantum infor-
mation theory to slightly abuse our definitions and call density operators p € D(H)
quantum states. In the situation M = B(H) by [Proposition I11.1.2] D(#H) is in bijection
with §,,(M). Namely, for a normal state ¢ € S,,(M) there exists a unique p € D(H)
such that ¢(a) = Tr[pa] for all @ € M. This duality enables us to refer to both ¢ and p
as quantum states.

We also wish to point out that in the classical probability setting, we defined several
topologies, such as the weak topology and 7-topology, on the set Prob(2). The advantage
of working on D(?H) is that we can inherent any topology in the larger space B(H).
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Definition II1.1.8 (Umegaki’s relative entropy). Let p,o € D(H) be normal states on

M = B(H). Then the Umegaki relative entropy D(:||-) : D(H) x D(H) — [0, 00] is
defined as

Tr|p(logp —logo)] if ker(o) C ker(p

Dpllo) = { o ) (0) € ker(p) (3.10)

B 00, otherwise.
We are also able to define a quantum extension of the Rényi relative entropy.

Definition IT1.1.9 (Petz-Rényi Relative Entropy). Let o € R\{0, 1} then the o-Petz-
Rényi relative entropy R, : D(H) x D(H) — [0, 00] is defined as

—Llog Tr[pc*~?]. if ker(c) C ker(p)

‘ (3.11)
0, otherwise.

Rq(pllo) = {
We define the quantum extensions of the Kullback Leibler relative entropy and the Rényi
relative entropy for density operators, however it is possible to extend the definition to
arbitrary normal states ¥, ¢ € S,(M). The reason we do not present these definition
here is mostly that there is no existing literature which has proven a quantum version of
Sanov’s theorem beyond the finite dimensional type I case[l] In fact, from the best of our
knowledge the universal quantum Sanov theorem we prove later on is the most general
quantum version of Sanov theorem; as we prove it in the type I, case. We can now
state a collection of useful and well known properties of the Umegaki and and Petz-Renyi
relative entropies.

Definition II1.1.10 (CPTP Map). Let H and K be two separable Hilbert spaces. A
linear and bounded map ® : L'(H) — LY(K) is trace preserving if for all a € L'(H)
we have that

Tr[®(a)] = Tr|a]. (3.12)

The map ® is positive if for all a € L'(H) satisfying a > 0 then ®(a) > 0. Let M;(C)
be the k by k complex matrices, furthermore let I, - My(C) — M(C) be the identity map
for all k € N. We say ® is completely positive if for all k € N the map

PRI : B(H)@Mk(C) — B(H)@Mk(C), (313)

s positive. A map that is completely positive and trace preserving is called a CPTP
map.

Proposition I11.1.3. Let H be a separable Hilbert space and p,o € D(H).
1. D(p|le) > 0 and D(p|lo) = 0 if and only if p = q.
2. The map p,o — D(p||o) is jointly convez.

3. (Monotonicity) For all trace preserving completely preserving positive maps

O : LY (H) — L'(H), we have the

D(pllo) = D(®(p)[|®(a))- (3.14)

1On the contrary, Stein’s lemma has successfully been developed well beyond the type I case.
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Proof. For the first two points see [19, Theorem 2.7] for a much more general statement.
For the monotonicity see [27]. O

Proposition II1.1.4. Let H be a separable Hilbert space and p,o € D(H). Then for all
a € R\{0,1},

1. Ra(pllo) = 0
2. The map p,o — R, (p||o) is jointly convez.

Proof. See [19, Theorem 3.2] for a much more general statement. O

II1.2 The quantum formalism of classical probability

It is insightful to consider that one can completely describe the classical setting of finite
probability spaces in terms of operators. To this end, we will show how there are algebraic
counterparts to the set of probability measures Prob(A) and, the o-algebra {T;T C A}
of the events. Fix a d € N and assume A = {1,---,d}. Let H be a d-dimensional
Hilbert space with an orthonormal basis B = (|z))%,. Trivially we have a one-to-one
correspondence between A and B = (|a))qca. In fact, we can take any probability measure
p € Prob(A) and define

=Y pla)la) (a| € D(H). (3.15)

acA
On the other hand, for any density operator p of the form

p=> ila)al, (3.16)

we can associate a probability distribution p, € Prob(A) defined as p,(a) := A, for
a € A. Naturally, for a the fixed basis B = {|a)}.ca, normal states ¢ € D(H) are not
always diagonalizable with respect to B, i.e. of the form . To collect all normal
states which are diagonalizable with respect to B, we define Dg(H) C D(H) as

Dp(H) :={peDH);p= Z A |a) {a| for a convex combination (Ag)eea}.  (3.17)

acA
We can now state the quantum formalism of (finite) probability theory.

Proposition II1.2.1. The function ®g : Prob(A) — Dg(H) defined as

@B(p> - pP7

with inverse ®1(p) = p,, is bijective and continuous with respect to the Euclidean topology
on both sets. Namely, on Prob(A) and Dg(H) we use the metrics d; and dy defined as,

- \/Z p(@) — g(@)|2for p,q € Prob(A), (318)

acA

2(Pprpa) = | D Ipla) —q(a)]2 for py, py € Dis(H). (3.19)

acA
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Proof. Take an arbitrary p € Dg(H), then p = Y _, Aala)(a|, where A\, > 0 and
Y wea Xa = 1. Define the probability distribution p, € Prob(A) as p,(a) = A, for a € A,
and ®(p,) = p, so ® is are surjective. To prove ® is injective let p, ¢ € Prob(A) such that
®(p) = pp = py = l(q), then p, — p, = 0 and this is true only if for all a € A,

(al pp la) = p(a) = q(a) = {a| pq|a) , (3-20)

and @ is injective. The continuity of ® follows from observing if p,, — p with respect to
dy, then

Tim. do(Ps(pn), Ps(p)) = Tim da(pp,., pp) = Jim di(pn,p) = 0. (3.21)
u

We will now discuss how the quantum formalization of an event £ C A can be described
by some projection Pr € B(H). Let ¢ € Prob(A) and M = {ay, -+ ,a,} C A. Define
the projection

Py = la){al, (3.22)

aeM

which we can use to express the probability of the event M occurring with respect to the
measure ¢ as

Q(M) = Z Q(a> = Z Z 61&Q(x)

=3 a(@) (@] Pule) = Y (@l Pu (Y a(a) |a) (al ) |2)
= Tr[Pupq]. (3.23)

An essential concept in quantum probability theory is that the projection P,; should be
interpreted as an event that can occur when one measures a quantum state p, € Dg(H).
We will discuss the process of quantum measurements in greater detail in the next section
but, the key takeaway is that Tr[p,Pu] € [0, 1] is the probability that one measures the
event Py when the quantum state is pj,.

Moving on, we can extend the notion of a Bernoulli measure ¢" on A™ to the operator
pe™ in B(H®") since for a string x = (21,---x,) € A" if P,, € B(H) is a projection on
the span of |z;) for i € {1,--- , N} then

¢"({z1, - 20}) = ql21) - qlan) = [ [ Te[ P,y

J=1

= Tr[(le Q- QP,,) - p;@"}. (3.24)
We extend this to arbitrary sets M, C A" simply by linearity,

P(M,):= > P, @ @P,,. (3.25)

zeM™
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Note, the tensor product of n projections is also a projection and, for two x,y € A", we
have (le ®- - -®Pxn) (Py1 - -®Pyn) = 1 if and only if x = y, and equals zero otherwise.
We can confirm p¢™ is a sufficient quantum variant on the n-fold Bernoulli measure of p
as follows,

o P = D Telpp P Telp, P, = p(My). (3.26)

aEMn

Finally, we can restate Sanov’s theorem in the language of algebraic quantum mechanics:

Theorem III.2.1 (Quantum Formalism of the Classical Sanov Theorem). Let o € Dp(.A)
and recall the function ® defined in |Proposition II1.2.1. Let Q C Dg(A) such that
®~1(Q) = Q C Prob(A) is measurable. For N € N, define the projection associated to
the empirical measure P, = P € B(H®"). Then

- 1an D(pllo) <11m1nf—logTr[ “r P
E o

<limsup — logTr[ “rp.] < — inf D(p|lo), (3.27)

n—oo 1N peEQ™

where Q° and Q~ is the interior and closure of Q with respect to topology induced by the

dy metric (3.19).

Proof. Let g € Prob(A) be the unique probability distribution such that ®(¢) = o. Since
P, = P(L, (271(Q))) by we have Tr[oP,] = ¢"(L,'(Q)). Furthermore take any
two p1,p2 € Q C Dg(H), and p1, ps € Prob(A) such that ®(p;) = p; for i = 1,2. Then
p1 < pe if and only if ker(p;) C ker(ps) and

Dgr(pillp2) = Zpl (log p1(a) —log gi(a))
acA
=3t (Xom@ bwlmemwwwww
a€A a’'€eA
= —Tr[pi(log p1 —log p2)] = D(p1|p2). (3.28)

Since ® is bijective and continuous we know

inf D = inf D , 3.29
i, Doll) = fnf, Dres (o1l .

and the statement follows from the classical Sanov [Theorem 11.2.9] ]
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II1.3 Quantum measurement and hypothesis testing

I11.3.1 Measuring quantum states

The procedure of measuring a quantum state differs greatly from measuring or sampling
a classical probability distributing. To clarify this point considering the following finite
dimensional comparison. Let A be a finite set such that |A| = d and let ‘H be a d-
dimensional Hilbert space. Fix a probability distribution p € Prob(A) and a quantum
state p € D(H). In the classical case suppose X is a random variable taking values
on A with law p. The random variable X is then the mathematical representation of
a measurable property of some random system, where the properties of the system are
different elements in the set A. Simple examples include: X representing the (floating)
exchange rate of a currency in a free market, or the speed of the wind at a weather station.
Throughout the previous chapter on classical probability theory we emphasized that the
empirical measure is a model for how we as observers interact with classical randomness.
Going to the axioms of Kolmogorov’s probability theory the meaning of the probability
of an event is to be understood as the limit of the frequency one would measure the event,
upon repeatedly sampling the same random variable X.

From our current understand of quantum mechanics, there is no intrinsic method of
sampling a quantum state p € D(#H) as there is for sampling a probability distribution
p € Prob(A). To make sense of this we must first introduce a few assumption we need
to make about how we can physically interact with quantum states. Firstly, as per the
foundations of quantum mechanics we assume that one is always able to device some
physical experiment which allows one to measure a fixed self adjoint operator a € B(H).
Since H is finite dimensional, by the Spectral [Theorem B.0.3| we can express the self
adjoint operator a as follows

a= Z i |3 (] (3.30)

where {|i)}%_, is an orthonormal basis and Ay, - - - , A4 are the eigenvalues of a. Our second
assumption is Born’s rule, which offers a conceptual connection from quantum states to
classical probability distributions.

Definition II1.3.1 (Born’s rule). For a normal state p € D(H) (or ¢ € S(M)), if
one measures a self adjoint operator a = a* then one will sample an eigen value A\ €
{A1,- -, Aa} of a. Moreover, if can repeatedly reproduce the quantum state p and measure
the self adjoint operator a = a*, then the expected value of the eigenvalue measurement
is given by Tr[pa).

It is useful to consider how Born’s rule applies to the quantum equivalent of a Dirac
distribution 0, € Prob(A). We call p a pure normal state, if p = [¢) (¢| for some unit
vector [¢0) € H. Note the common feature between 0, € Prob(A), and p = [¢) (¢| €
D(#H), is that both are extreme points of the respective convex sets Prob(A) and D(H).
By Born’s rule we can consider the measure of the (self adjoint) projection |¢) (1|, which
has eigenvalues 0 and 1. Born’s rule then states the expected eigenvalue one will obtain by
measuring p with [¢) (1] is given by Tr[p|¢) (¥|] = 1. Therefore, much like in the classical
case, we are certain of the outcome of measuring p with the projection |1) (] i.e. we will
always measure 1. The interesting difference between the classical Dirac distribution and
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quantum pure state p = [¢) (1|, is that there are projections (or events), |v) (y| € B(H)
such that Tr[|v) (| p|] € (0,1), and therefore the pure normal states are not deterministic.
This is of course very unnatural in the classical setting, since the Dirac distribution 4,
for some a € A always has a deterministic outcome for any event £ C A, namely the
event either occurs if a € M and doesn’t occur if a ¢ M. To extend these ideas, recall
an arbitrary state p € D(H) is diagonalizable with respect to some orthonormal basis

{1s) ?:1, such that

d
P = Zﬂi |ha) (il , (3.31)

i=1
where for all i € {1,--- ,d} we have p; > 0 and 2?21 pi = 1. A reasonable suggestion for

a quantum analogue of measuring a probability distribution p € Prob(A), is to measure
the quantum state p with respect to it’s diagonalizing basis {|;)}&,. By Born’s rule we
then get for all i € {1,--- ,d},

pi = Tr[p[) (il (3.32)

is the expectation of measuring the eigenvalues of the projections |¢;) (1;]. So far we have
only assumed we can construct some physical experiment that allows us to measure the
eigenvalues of a self adjoint operator. It turns out that since the projections (|t;) (1;])%_,
are all commuting self adjoint operators, and

d
> i) (Wi =1, (3.33)
i=1
we are also able to create a physical experiment for a basis measurement of a state p. In
this case for all 7 € {1,--- ,d}, the eigenvalue p; can be interpreted as the probability of
measure the basis vector |1;) during the basis measurement process. To return to the
problem of defining a canonical way of measuring a state p, the key problem we face with
using the diagonalizing basis {|;)}% ;| is that there are always other states p' € D(H)
such that p’ # p, and for all i € {1,--- ,d},

Tr[p[4i) (ill = Telp [4bi) (il (3.34)

that is, from the perspective of measuring the basis {|;)}&, there are at least two
distinct quantum states which give the same measurement outcome. We stress the point
that there is no intrinsic way of measuring a quantum system. Before any measurements
can be made on a quantum state one must first make a choice of which self adjoint
operator a € B(H) or orthonormal basis B to measure. More generally, you must first
construct a positive operator valued measure.

Definition IT1.3.2 (Positive Operator Valued Measure). Let €2 be a finite set. A function
w2 — B(H), is called a positive operator valued measure (POVM) if for all
w € €,

0<uw) <1, ) plw) = 1. (3.35)

we

A POVM generalizes the notion of creating an experiment from some self adjoint operator
a€ B(H). If u:Q — B(H) is a POVM then we generalize Borns rule as follows. For
each POVM we assume there exists a physical experiment which takes values in €2 and
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Tr[pp(w)] is the probability of measuring w € Q. This formalization is sensible since for
all w € Q we have 0 < p(w), which implies Tr[pu(w)] > 0, and by linearity

ZTr[p,u(w)] = Tr[pl] = 1. (3.36)
weN
A key example of a POVM comes from a basis measurement set. Namely, fix any
orthonormal basis B = {|z)}&, of H, and then define us : {1,---,d} — B(H) as
us(x) = |z) {x|. An equivalent formalization of a basis measurement set is through a
defining a pinching map Vg : D(H) — D(H) as

V(o) = Aola) (z], where \, = (z|o|2) Vo € {1--- d}. (3.37)

Clearly, for any o € D(H),

Trfo] =) (aloa) =) =1, (3.38)
acA acA
and (a|o|a) > 0 for all z € {1,---,d}, as 0 > 0. Therefore, Vz(o) > 0, Tr[V(o)] = 1,
and V(o) € D(H). The map pinching map Vj is a CPTP map, which is also an example
of a quantum-to-classical map.

Definition II1.3.3 (Quantum-to-classical map). Let H,K be two finite dimensional
Hilbert spaces. A CPTP map V : D(H) — D(K) is a quantum-to-classical map if
there exists a basis B of KC such that for all o € D(H) the density operator V(o) € D(K)
18 diagonalizable with respect to B, that 1s,

V(o) = Z Ao |z) (x|, where A, = (x| V(o) |x) . (3.39)
|z)eB

A key point to keep in mind is that every POVM p : Q — D(H), can be interpreted as
a quantum-to-classical CPTP map. Let k£ = || and K be a k-dimensional Hilbert space
while B = {|w)},eq is an orthonormal basis in K. Define a CPTP map V,, : D(H) —
D(K) as,

Viu(p) = Z Ao |w) (w],  where A\, = Tr[u(w)p]. (3.40)

weN

An equivalent, and perhaps more useful interpretation is that a quantum-to-classical map
created by a POVM g, is the function V, : D(H) — Prob(2) such that for all p € D(H)
we define the probability distribution V,(p) € Prob(Q2) as

Viu(p)(w) = Tr[pp(w)]. (3.41)
This leads us to the most important takeaway from this section: if we prepare a nor-
mal state p € D(H), and fix a measurement process (POVM) p : Q — D(H), then the
measurement outcome, and hence measurement interaction, is described by a classical
probability distribution. This showcases Kolmogorov’s axioms of probability are closely
related to those of quantum probability. Crucially, this does not imply quantum random-
ness is essentially classical randomness. There are fundamentally different things one can
achieve with quantum states compared to classical probabilities] But when taking mea-
surements of a quantum system, we as observers are ultimately interacting with classical
randomness.

2A lot of the interesting work in quantum information and computing theory relies on this fact!
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I11.3.2 Quantum hypothesis testing

Quantum hypothesis testing is a very active field in quantum information/probability
theory. A topic of particular interest is generalizing the quantum Stein and Chernoff
lemmas to more quantum hypothesis testing frameworks [17, 22, 23, [I8], much like in
Theorem [[I.2.1] Part of the success in developing the theory of quantum hypothesis
testing can be attested to the similarities it shares with its classical counterpart. We
begin we the following hypothesis setup. Let H be a finite dimensional Hilbert space
and p,o € D(H) be two distinct quantum states. Suppose we have a quantum state
po € D(H) which we know is either equal to p or . Then we have the two simple
hypotheses

Hy : po = p,
Hy:py=o. (3.42)

In the classical hypothesis testing, the analogous setup is deducing if a random vari-
able X either has law p or ¢ , where p,q € Prob(A) and A is a finite set. The
first step in the classical testing process is producing a string z € A™ of observations by
sampling n € N i.i.d copies of X. The second step is defining a test T,, C A™ (Definition
[1.2.1)), which assigns the decision of accepting Hy if = € T,, and accepting H; if = ¢ T,,.
We emphasis every subset T,, C A™ defines a test, and any possible string of observations
x € A™ must result in either accepting Hy or Hj.

The quantum analogy of sampling n copies of the random variable X, is doing a measure-
ment on the product state p§™ € D(H®"). As we discussed in the previous section, to do
any measurement on a quantum state, we are required to define a POVM. In the context
of hypothesis testing the main objective is to use the observational data to deduce which
of the two hypotheses to accept, therefore all suitable quantum measurements for this
task are POVMs of the form u : {0,1} — B(H®"). Since u(0) + p(1) = 1%", there is
only one degree of freedom in defining POVMs with two measurement outcomes namely
for all finite dimensional Hilbert spaces IC,

{p:{0,1} - B(K);pis a POVM} ~ {T € B(K);0 <T <1}, (3.43)
and we can give the following definition of a quantum test.

Definition ITI.3.4 (Quantum Tests). Let n € N, a positive operator T,, € B(H®")
is called a test if 0 < T,, < 1%°" and if the basis for accepting the null or alternative
hypothesis (3.42)) is the measurement outcome of the POVM i : {0,1} — B(H®") defined

as

p(0)=T,, p(l)=1-T,. (3.44)

Namely if we measure the state pd™ with respect to p then,

The outcome of measuring with pis 0 = accept Hy,

The outcome of measuring with pis 1 = Accept H;. (3.45)

Much like in the classical setting, a topic of central importance in studying quantum
hypothesis testing are error rates. In the quantum hypothesis testing regime as detailed
in (3.42]), one classifies the errors for a test T,, € B(H®") as follows, let p,, be the POVM
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associated to the test T, as defined in Definition [[I.3.4, We say a false positive error
occurs, or a type I error, if the outcome of the measurement of p is 1 while py = p,
i.e. falsely accepting H; while Hy is true. The probability of a type I error occurring is
denoted by «(T},) and given by

a(T,) == Te[p® (1 — T3,)] = Tr[pu(1)). (3.46)

Similarly, we say a false negative occurs, or type II error, if the measurement of the
POVM p is 0 when py = o. The probability of a type II error occurring is denoted by
B(T,) and given by

B(Ty) := Te[o®"T,] = Tr[o®" u(0))]. (3.47)

In the classical case we were interested in describing the optimal way to conclude which
hypothesis is valid. In the quantum setting this endeavour is equally relevant, and we
can borrow the two definitions we had for optimality of a test, namely with Chernoff’s
and Stein’s optimality. A test T,, C B(H") is Chernoff optimal if it minimizes the sum
of the type I and type II errors, namely,

V(Tn) == a(T5) + B(Tn). (3.48)
Recall this case treats the event a type I or type II on an equal footing. The other
approach, is to say a test 0 < T, < 1®" is Stein optimal if it minimizes the type II
error while ensuring the type I error is bounded above by some fixed § > 0. This
notion of optimally emphasis reducing the event of a type II error occurs, modelling
the situation where a type II error occurring has far greater consequences than a type I
error occurring. Nearly identical to the classical case, we can define the optimal errors
as inspired by the Chernoff and Stein optimality, which will similarly provide exciting
operational interpretations of quantum entropies. Let n € N and 0 > 0, consider the
quantum hypotheses setting described in . Let n € N and with 1,, denote the
identity in B(H®™"). Define

Bre :=inf{B(T);T € B(H*"),0 <T < 1, given o(T) < e}, (3.49)
which is the type II error for the Stein optimal test. Similarly, define

v = inf{a(T) + B(T); T € B(H®"),0< T <1,}, (3.50)
which is the total error for the Chernoff optimal test. We can now state both the quantum

Stein lemma and the quantum Chernoff lemma.

Lemma III.3.1 (Quantum Stein’s Lemma). Let H be a finite dimensional Hilbert space
and € € (0,1). Suppose p,o € D(H) are normal states, and consider the definition of

o in (3.49). Then

1
lim —log B3, . = —D(pl|o). (3.51)

n—oo 1

Moreover, define the quantum Chernoff relative entropy C : D(H) x D(H) — [0, 00)
as

Cy(p,0) := sup (1 —a)Ra(pllo), (3.52)

a€e(0,1)
where R, is the Petz-Rényi relative entropy defined in Definition [[I1.1.9]

23



Lemma II1.3.2 (Quantum Chernoff’s Lemma). Let ‘H be a finite dimensional Hilbert
space. Suppose p,o € D(H) are normal states, and consider the definition of v in (3.50)).
Then

1
lim —log~y, = —C,(p, o). (3.53)

n—oo 1

Proof. See [4]. O

In the next section we will provide a complete proof of the quantum Stein lemma. For
now we just wish to admire the similarities these results share with their classical coun-
terparts, which goes beyond the obvious structural similarities. If we take two commuting
normal states o, p € D(H), then as discussed in Section [II11.2] p, o are equivalent to two
probability distributions p, and ¢,. In fact,

Dir(pollps) = D(pllo), and C(py, ps) = Cy(p, o), (3.54)

and interestingly, we can conclude: quantum tests are not more efficient at separat-
ing classical distributions than classical tests are at separating classical distributions.
Additionally, consider a POVM p : Q@ — D(K), and it’s quantum-to-classical map
V, : D(H) — D(K) described in (3.40). Then for two non-commuting normal state
p,0 € D(H), by the monotonicity of the Umegaki relative entropy [Proposition I1I.1.3]
we have

Dir(Vi(p)l[Vu(@)) < D(pllo). (3.55)

And hence, reducing two non-commuting quantum states to classical probabilities always
make them harder to distinct. However, by the quantum Stein’s lemma we know the
following. Let € > 0, by definition of the infimum for all n € N there exists a test T,
satisfying 0 < T, <1, and «(7,,) < € such that

B(Ty) < By (1 + %) — T[o®"T,] < (1 + %) B x (3.56)

Take the sequence of tests (T},),en satisfying (3.56) then, since using that log

1 1
lim —log ((1 + —> 5:71) = lim log 5z ,, (3.57)
n—oo N n ’ n—oo ’
from (|3.56)) we obtain,
. 1 on . 1 .
limsup — log Tr [¢®"T},] < limsup —log 5%, = —D(p||o). (3.58)
n—oo n n—oo n ’

On the other hand since 37 y < B(7,,) for all n € N we have
N . T | ®
—D(p||o) = liminf —log 87, < limliminf — log Tr [a "Tn] , (3.59)
n—oo N ’ n—oo M

and combining both results we see there exists a sequence of tests (7},),en such that

1
lim = log Tr [0®"T},] = —D(pl|o). (3.60)

n—oo N

We can then observe that for all § > 0, there exists an M € N such that for all n > M,
there is a test T,, € B(H®") such that
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exp (—n(D(p||o) 4+ 6) < Tr [6®"T,| < exp (—n(D(p||o) — ). (3.61)
If we return to the (3.42)) setup, for n > M the tests T,, insure that if the underlying state

po = o, then the probability the measurement outcome results in one falsely concluding
the underlying state is p is bounded by

exp (—n(D(pl|o) +6) < B(T,) < exp (—n(D(pllo) ). (3.62)

And we arrive at a crucial difference between hypothesis testing in the classical versus
quantum setting. In the classical case, sampling the product measure ¢®" is equivalent
to sampling n copies of a random variable with law ¢g. However, in the quantum case
there are tests 0 < T,, < 1y, such that measuring ¢®" with T, is not reproducible by
measuring n copies of o.

I11.3.3 Proof of the quantum Stein lemma

In this section we prove the Quantum Stein [Lemma II1.3.1} We follow the work of [5],
which provides a more streamline approach than the original approach in [20] 32]. We
begin by stating two necessary lemmas. Let H be a d-dimensional Hilbert space. For all
normal states p,o € D(H) with ker(o) C ker(p) define the the von Neumann entropy
S:D(H) — [0,00) as

S(p) == —Tr[plog p], (3.63)
and the quantum cross entropy A : D(H) x D(H) — [0, 00),

A(plle) = S(p) + D(p|lo) = —Tr[plog o]. (3.64)

Notice A(p||p) = S(p). Consider the spectral decomposition of o,

o= Z i i) (] . (3.65)

Define E; := |i) (i| for i € {1,--- ,d} , as the one dimensional projections onto the eigen-
vectors of 0. We know that E;E; = E;E; = §;; fori,j € {1,--- ,d}.

Let [d] := {1,--- ,d} and [d]™ be the n-fold Cartesian product of [d]. For x = (xy,--- ,z,) €
[d]", define A\, € R and E, € B(H®") as:

Ap 1= fpx E, = éEx (3.66)

We emphasis for all = € [d]", A, = A\.(0), and E, = E,(0), are both dependent on o.
Additionally, for 6 > 0 define Ty, (p,0) C [d]" as follows,

1
T5.(p, ) ::{x € [d)": X > 0,|A(pl|0) + ~log Aa| < 5}, where A, = \,(0). (3.67)

Finally, we construct the projection Ps,(p,0) € B(H),

Pin(p,0):= Y E, (3.68)

xGT(S,n (p,O’)
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We can confirm P, (p, o) is a projection by noticing for any two z,y € [d]",
E,E, = E,E, = [[ 62,4 = 6041 (3.69)

and (Ps,.(p, 0))2 = Pj,, while Ps,(p,0) is clearly self-adjoint. We can now state and
prove the most essential lemma needed in the proof of the quantum Stein Lemma.

Lemma II1.3.3. For alln € N, p,o € D(H) with ker(c) C ker(p), and 6 > 0 we have:
1. Ps,(p,0)0®" = ad®"Ps,.(p,0),
2. Psu(p,0)0™" Pn(p, o) < e "BWO=0 5 (p, 0),
3. Psn(p,0)0®" Py, (p,0) > e A+ P (5 ),

4. limy, o0 Tr[p®" P, (p,0)] = 1.
Proof. 1. Recall the spectral decomposition of o in (3.65)), and for = € [d]", recall the
projection E, = E,(o) constructed in (3.66). We can then write o®™ as:

oo = Z Ay By, @ - @ Ay, By,
ye(d]

=N \E, (3.70)

yeldn
As stated in (3.69), for all z,y € [d]", E,E, = E,E, = J,, and
Psn(p,0)o®" = Z Z NELE,

y€ld]" x€T5 5 (p,0)

= Z Z A\ EyE,

IS [d]n xeTJ,n (P,O’)

= Y MNE,=0""Ps(p,0), (3.71)

xET(s,n (p’o)

hence Ps,(p,0) and 0®" commute.
2 and 3. We begin with noticing for x € Tj,,(p,n),

1
IA(p||o) + =log hy| < 6 = e MACINT) )\ < emAlo)=d) (3.72)
n
By (3.71)) and 1, we obtain
Psn(p,0)0" Psn(p,0) = Pin(p,0)0® = > ME,. (3.73)
xETg’n(p,O')

Hence,

Psn(p,0)c®" Ps(p,0) = Z AN E

€T30 (p0)
< Y eneolo-op,

z€T5 1, (p,0)
—e ACID=)pr (p, o). (3.74)
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An identical argument leads us to concluding

Ps(p, 0)0®" Ps(p,0) > e MA@ Py (5 o). (3.75)

4. We will make use of the weak law of large numbers (Theorem [Theorem A.2.5)). Let X
be the random variable on [d] with law p, € Prob([d]), which is defined as

po(i) = Tr[pE;], i € [d]. (3.76)

We can confirm that p, is a probability distribution since p is a density operator and
Zle E; = 1. Consider the i.i.d set of random variables (X;);ey each with law p,. Then
for x € [d]™,

PUXy =3, Xy = 1) = Tr[p®" B, HTr pE,) (3.77)
For i € {1,--- ,n}, define the i.i.d random variables U; on R as,
U; == —log(\y,). (3.78)
Then we have
pr = log A\;,) log A, = pr i) log A\,
Z—E:ﬂvﬂdk%Mfz—ﬁmba®%=A@W% (3.79)

i=1

Where we use linearity of the trace and functional calculus of positive operators. Now
observe,

1 n
(|- U= Alllo)| <0) =pp((X1 -+ Xa) € Toalpe). (3:80)
i=1
because for all z = (z1,--- ,x,) € [d]",
1
'A(pHU) —log(A Zlog )+ Alpllo)| = |—— > log(As,) — Apllo)] -
(3.81)
Therefore,
T 1 -
B[ u-akle)| <d) = Y pKi=ane X =)
=1 z€Ts5, n(p;0)
= Y Te[p*"E] = Tr[p®" Psalp, o). (3.82)
T(S n(p U)
But then by the weak law of large numbers we have for all § > 0,
lim Tr[p®" Ps,.(p,0)] = 1. (3.83)
n—oo
O



Lemma I11.3.4. Let K be a finite dimensional Hilbert space. Assume P,Q € B(K) are
tests and T € D(K). Then

1.
Tr[rPQP] > Tr[rQ] — 2+/Tr[7(1 — P)]. (3.84)

2. Moreover, if U € B(K) is a projection with the property that T = Ut and
(c1—T7)U >0 for some ¢ > 0, then

Te[PQP] > (Tr[TP] — 9\/Te[r(1 — P)] — Ti[r(1 - U)]). (3.85)

Q-

Proof. See [, Appendix A]. O

Proof of Quantum Stein’s|Lemma I11.3.1. Step 1: We will first show that

1
limsup —fB: ., < —D(pl||o). (3.86)

n—oo T

Let 0 > 0, since ker(o) C ker(p) we can apply [Lemma II1.3.3] To simplify notation we
let let Ps,.(p, p) = Psn(p) for all n € N. Moving on by [Lemma II1.3.4] we have,

Telp®nPsn(p, 0) Pan(p) Ponlp, 0)] = Trlp™ Pia(p)] — 24/ Telp" (1 = Ps,(p, ). (3.87)

Then by part / of [Lemma III.3.1] there exists an M € N such that for all n > M,

[ Telp™" Py, )] = 1] = [Tt = o Py, 0)]| < 5. (3.88)
Clearly Tr[p®"Ps,(p)] <1 as Ps,(p) is a projection and by (3.87)),
Tr[p™" Psn(p, 0) Psn(p) Psn(ps o)) > 1 — €. (3.89)
Applying part 1 of [Lemma [I1.3.3]
o®" Psn(p,0) = Psp(p,0)0®" = Ps,(p,0)0%" Ps.(p, o). (3.90)
By part 2 of |[Lemma [11.3.3]
0" Py(p, o) < e A= pe (h o). (3.91)

Furthermore, in general if A < B for two operators then PAP < PBP for a projection
P. Hence,

Ps(p)0®" P (p, o) Psp(p) < e "0 Py (p) Py (. o) Psu(p)- (3.92)
Taking the trace of (3.92), and applying the cyclic property we find

Tr[o®" Psp(p, 0) Psn(p) Psn(p, )] =Tr[Psyn(p)o®" Psyn(p, o) Psp(p)]
<e MACID=ITY[Ps  (p, o) Psp(p)]
<e A= Py (p)]. (3.93)

98



Using part & of [Lemma [I1.3.1] we find

Psn(p) < "0 Py (p)p™" Pon(p), (3.94)
where we use that A(p||p) = S(p). Taking the trace (3.94)) we get

Tr[Psn(p)] < €"OITe[ Py () p®" Psa(p)]
< enSP)+9), (3.95)

Then, combining (3.93)) and (3.95)) we find

Where we use that S(p) — A(p||o) = —D(p||o). Now we can define the sequence of tests

Ty := Psn(p, 0)Psn(p) Psn(p, o), (3.97)

for all n € N. By equation (3.89), we have that T, satisfies, Tr[p®"T,] > 1 — € for all
n > M, hence a(T,) < €. Therefore,

1 1
lim sup — log . , < limsup — log Tr[c®"T,,] < —D(p||c) + 20. (3.98)
n

n—oo T n—00

Since § > 0 was arbitrary,

1
limsup — log B, < —D(pl|o). (3.99)

n—oo T

Step 2: What is left to prove is that
.1
liminf —f.,, > —D(pl|o). (3.100)
n—oo M

The proof of this claim is remarkably similar to what we have done in Step I, and we
refer the reader to [5] for the rest of the argument. Combining both of the steps it follows

that

lim lﬁgn = —D(pl||o). (3.101)

n—oo N

]

II1.4 The first quantum Sanov theorem

In this section we turn our focus to the central topic of this thesis, which is, understanding
and producing a quantum version of Sanov’s theorem. The first step in developing this
theory was taken in 2005 when Bjelaklovi¢ et al. published A quantum version of Sanov’s
Theorem [6]. This paper is highly influential and shapes much of our own research.
However, we refrain from calling the result a proper extension of the Sanov theorem.
Rather, we refer to it as the Operational Quantum Sanov Theorem. We now state the
major result of [6].
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Theorem II1.4.1 (Operational quantum Sanov Theorem). For fized a state o € D(H)

and a open collection of states A C D(H), there exists a sequence { P, }nen of projections
P, € B(H®") such that

lim Tr[p®"P,] =1, Vpe A (3.102)
n—o0

1
lim —log Tr[c®"P,| = — inf D . 1
Jim —log Trlo™ ] = — inf D(pl|o) (3.103)

Moreover, for all sequences of projections {Qn}nen satisfying lim, o v (Q,) = 1 for
all p € A, we have

el on .
hgg)lf - log Tr [0®"Q,] > —;gﬁD(pHa). (3.104)
There are several features about this result that makes it appear like a valid extension of
the classical Sanov theorem. For one, the classical setting the Kullback-Leibler relative
entropy appears both in Sanov’s theorem and Stein’s lemma. Likewise, the Umegaki
relative entropy appears in the quantum Stein lemma and in [['heorem [11.4.1, Moreover,
for any open sequence of normal states A C D(H), if p € A then the sequence of tests
P, constructed in [I'heorem [II.4.1] ensuring

lim Tr[p®"P,] = 1. (3.105)

n—oo

Which is very similar to the classical result |Proposition I1.2.2] that states for any open
2 C Prob(A), if ¢ € 2, then

lim ¢"(L, € Q) =1, (3.106)

n—oo

where L,, is the empirical measure. This in a sense suggests that P, behaves very similarly
to classical test L *(£2), however, there is one crucial difference. As we will discuss in much
greater detail in Chapter , the sequence of tests P, := P,(A, o) is dependent on the
set A, and quantum state o € D(H). In contrast the set of classical tests T, :== L, '(Q)
only depends on the collection €2 C Prob(A), and for all ¢ € Prob(X),

n—oo 1

1 T — .
lim —logq"(L," (%) = — inf Drcr(plla). (3.107)

If we compare it to (3.60]), which is a consequence of the quantum Stein lemma, then we see
[Theorem II1.4.1]is in fact a quantum extension of the operational Sanov [I'heorem [1.2.1]

Sketch of Proof of|Theorem III.4.1. The proof can be split into two steps. In the first step
we prove that for any sequence of projections Q,en, satisfying lim,, o, Tr[p®"@Q,,] = 1 for
all p € A, we have

1
—inf D < liminf — log Tr[c®"Q,,]. 3.108
inf D(p|lo) < liminf - log Tr[o™"Qn] (3.108)
In the second step, a sequence of tests (P,)nen is constructed such that
1
lim sup — log Tr[c®" P,] < — inf D(p||o). (3.109)
n—oo T peA

Applying (3.108]) to the sequence of projections (P, ),en then finishes the proof.
Step 1: Due to the quantum Stein’s lemma (Lemma I11.3.1]) we have that for any sequence
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of projections {Qy, }nen satisfying @, € B(H)®", and lim,_,. Tr[p®"(Q,)] = 1 for all
p € A, it holds that

1 1
-D < —inf D < lim — < liminf = log Tr[c®"Q,]. A1
(pllo) < = inf D(pllo) < lim ~B,,, < liminf ~ log Tr{o*"Q, (3.110)

Note, for large enough n the sequence @, would satisfy p®"(Q,) > 1 —e€. Since this holds
for all p € A we clearly have that

1
—inf D < liminf = log Tr[o®"Q, |. 111
inf (pllo) < limin ~log (0" Qn] (3.111)

Step 2: Just as in the classical case (Theorem II.2.1] the second step requires quite a lot
more effort to prove. We refer the reader to [6] for the argument. O

III.5 Another quantum Sanov theorem

Here we provide an account of [I6], which offers an alternative approach to developing
a quantum Sanov Theorem. We will refer to the proposed quantum Sanov Theorem
in [I6], as Hayashi’s quantum Sanov Theorem. To state the result of Hayashi we will
require some representation theory. Therefore, in the appendix (Section we provide
a brief overview of the relevant theory. A key tool we will use is Schur-Weyl duality,
which is closely related to the following two groups: S,, the group of n-permutations,
and U(d), the set of d X d complex unitary matrices. We will consider the following two
representations on each of these two groups.

Definition II1.5.1. Let n,d € N. Define the map P : S, — (C¥®)®" as follows. For
lir) -+, |in) € CY, and ™ € S, define

We will also make use of the tensor product representation of the unitary group U(d) for
d e N.

Definition II1.5.2. Define the map R : U(d) — (CdXd)®n as R(U) := U®".

It is well know, for example as shown in [14], that P is a representation of S, and R is a
representation of the group U(d). We will make use of the fact representations P and R
can be reduced into irreducible representations (irreps) which can be labelled by young
diagrams A F4 n (Deﬁnition. Forn,d € N, let Y,, 4 be the set of all Young diagrams
satisfying A k4 n. We will denote the set of irreps decomposing P with P : S, — GL(V)),
and the set of irreps of decomposing R by R, : U(d) — GL(W)). By Schur-Weyl duality

(Theorem [A.3.3)) we know
HE" ~ P Vi@ W (3.113)

)\EYn’d

Before we make use of this decomposition of H®" there are several definitions we must
provide.
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Fix an orthonormal basis B = {|i) (i|}¢, of H. For n € N, first define the set of
normal states p € D(H) which are diagonalizable by B as

D[B] := {p € D(p);p = ZA i) <i|} : (3.114)

Additionally, define the empirical states D, [B] C D(H) as

d n
m.
D,[B] := — 1) Gy my=n,m; >0, 3.115
= {30 03 | 115
and define the (basis measurement) POVM p : [d] — B(H) as

w(z) == i) (1], Vi € [d]. (3.116)

Fix a state p € D(H), then upon preforming a measurement with p, one will obtain a
value 1 € [d]. If one repeatedly measures n copies of p with pu, then the outcome of

observations is a string x = (x1,- -+ ,x,) € [d]", analogous to the classical case. For each
string = (21, -+ ,x,) € [d]", define the function p, : [d]" — D(H),
§ —~1.
plx) =) — ie) Gix (3.117)
k=1

Clearly for all n € N, and = € [d]", p(x) € D,[B]. For p € D(H) define the projection
Q(p) on H" as,

Qlp) = Z |21) (1| ® -+ @ [in) (1], p € Dy[B],
z€[d]";pn(x)=p

Q(p) =0, otherwise. (3.118)

Now returning to the decomposition of H®™ in (3.113)), let @5 € B(H®™) be the projection
onto the subspace V), ® Wy, and define the test,

T(A p) == QNQ(p). (3.119)

On the set Prob([d]) we have the following important partial ordering <:

Definition I11.5.3. For p,q € Prob([d]) we write

q(3),Vk € [d]. (3.120)

1

p<q = > pli) <

k k
=1 =

For a normal state p € D(H), let A; < --- < Ay be its eigen values. Define the probability
distribution pr(p) € Prob([d]) as

p(p) (@) = N\, Vi € [d]. (3.121)

Let P C Prob([d]) be the set of probability distributions p € Prob([d]) such that
p(l) < --- < p(d), and let P, := P N Prob,([d]), where Prob,([d]) is defined in ([2.40).
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Notice for p € P,, we can define a young diagram A\, € Y, 4 as A, := (np(1),--- ,np(d)).
Now define the set

RalB) = {(p. p) € Pu x Do[Bl:pr(p) < p} (3.122)

And for r > 0 and p € D[B], define the set C,., C R,[B]

Crp = A{(p,0') € RulBl; D(Pllp) + S(p") = S(p) <7} (3.123)

The last ingredient we need for stating Hayashi’s Quantum Sanov Theorem is a new
type of relative entropy. For s € [0,00)\{1}, define the sandwiched Rényi relative
entropy ¢s : D(H) x D(H) — [0, 00| as

log Tr[o 26D po 209|175 ifker(d) C ker(p)

0, otherwise.

¢s(pllo) = { (3.124)

For r € (0,00), define Hayashi’s relative entropy H, : D(H) x D(H) — [0, o] as

Hy(pllo) = sup —E= 9= d1-s(ello) (3.125)

5€(0,1) S

Theorem III.5.1 (Hayashi’s Quantum Sanov Theorem). Fiz a basis B and let p € D[B].
Let r > 0 and let C, be constructed as in (3.123). Then for every state o € D(H),

lim Tr[p®"Q,] =1, (3.126)
n—oo
1
lim —log Tr [¢®"Q,] = —H,(p||0), (3.127)
n—oo N
where
Qui= Y T(np,p). (3.128)
(p.p')ECr
Proof. See [106]. 0

It should be pointed out that[I'heorem [II.5.1}was proven nearly two decades after the first
proposed quantum Sanov theorem [Theorem III.4.1, When we compare the two results,
the first obvious difference is that [Theorem I11.4.1] holds for open sets A C D(H), while
[Theorem I11.5.1|only holds for when A = {p} is a singleton. The power of [Theorem II1.5.1|
is that the sequence of tests (),, are independent of the state o, which is not the case
in [Theorem IIT.4.1, Another noteworthy observation is that the Hayashi relative entropy
is bounded above the Umegaki relative entropy: Vo, p € D(H) and r > 0,

H,(pllo) < Dir(pllo). (3.129)

In the next section we will discover that due to the independence of the sequence of tests
Q,, it is strictly necessary for (3.129) to hold.
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Chapter 1V

A universal quantum Sanov theorem
for type 1;

This chapter focuses on presenting the new results obtained during this internship. We
are particularly interested in studying the role of the Umegaki relative entropy in the
quantum Sanov theorem as proposed by [0, 23]. In the seminal paper [0], an example
was constructed showing that in the qubit setting (H = C?) it is generally not possible
to construct a sequence of tests (T},),ey that separates a set A C D(C®?) from an
arbitrary collection of states B at rate equal to the Umegaki relative entropy. In the
finite dimensional i.i.d setting, a sequence of tests (7)) separates two disjoint sets of
states A, B C D(H) if for all p € A and all o € B we have

lim Tr[p®"T,] = 1, (4.1)
n—o0
lim Tr[c®"T,] = 0. (4.2)
n—oo

The qubit example in [6] showed that if a sequence of tests (7},),en can separate a set
A C D(C®?) from a single state B = {o} C D(C®?) while simultaneously ensuring:

lim 1 log Tr[c®"T,] = —D(pl||o), (4.3)

n—oo 1
then 7, = T,,(A, B) must depend on both the A and B. The first new result we present
in this section is a no-go type theorem (Theorem IV.1)) which generalizes the example
given in [6]. Namely, by extending an argument made in [28] we show that for suffi-
ciently large Hilbert spaces (dim(?) > 4) there always exist states p € D(#H) such that
there is no sequence of tests n +— T, € D(H®") that separates p from an arbitrary state
o € D(H) while ensuring holds. This result showing the restriction in is to
strong of a condition, and function different from the Umegaki relative entropy should
be considered. Our no-go theorem emphasizes the relevance of our second result stated
in [Theorem IV.2.2| which is a universal quantum Sanov theorem. While there have
been several quantum extensions of the Sanov theorem, e.g., [6, 17, 23] B1], these results
largely describe the optimal asymptotic behaviour of the type II error in quantum state
discrimination when both the null and the alternative hypotheses are used to construct
a sequence of separating tests. A notably distinct paper is [16], which addressed the
problem of separating a state p € D(#H) from an arbitrary ¢ € D(H) by constructing
a quantum analogue of the empirical measure. However, this result does not go beyond
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separating two single states.

The distinguishing features of our quantum Sanov theorem are that for a measurable set
of states A C D(H) we construct a sequence of tests T,, = T,,(.A) only dependent on A,
such that (T,)nen universally separates A from any state o € D(H)\A, but necessarily
with a rate function that is bounded above by the Umegaki relative entropy. Additionally,
our quantum Sanov theorem is a direct analogue of the classical Sanov theorem, which
also has the crucial universality feature we will soon define. The structure of this chapter
is as follows. In Section the concept of universality is discussed in the classical and
quantum settings. The main goal of this section is to prove our no-go result stated in
[Theorem IV.1] To achieve this we extend two crucial results in [28]. In Section
we build the machinery needed to prove the central result of this paper, which is the
universal quantum Sanov theorem stated in [Lemma IV.2.1 Afterwards, in Corollary
[Theorem [V.2.2] we elaborate upon our findings and conclude a direct universal analogue
of the quantum Sanov theorem proposed in [6].

IV.1 Universality

The universality feature of the classical Sanov [I'heorem I1.2.2|is precisely the fact that
(L, € Q) = L' (Q) is a sequence of subsets that are independent of the prior ¢, and these
subsets can separate any ¢ from {2 with a rate function equal to the KL relative entropy.
We define the quantum analogue of universality as follows.

Definition IV.1.1 (Universal Tests). Let A C D(H) and I : D(H) x D(H) — [0, c0].
Then the sequence n — T,, € B(H®™) of operators satisfying 0 < T,, < 1 withT,, = T,,(A),
is said to universally separate A at a rate I : D(H) x D(H) — [0, 00] if:

lim Tr[p®"T,] =1, Vp € A, (Typicality) (4.4)
n—oo

1
lim —log Tr[c®"T,] = — inf I(p,0), Yo € D(H). (Separation rate) (4.5)
n—oo 1, peA

The first paper trying to extend the Sanov theorem into the (finite dimensional) quantum
probability regime was [6]. Since then, the quantum Sanov theorem has been generalized
by increasing the class of null and alternative hypotheses that one can consider, most
recently in [23]. In [Theorem III.4.1] we recall the first quantum Sanov theorem proved
in [6], which we call a non-universal quantum Sanov [Theorem II1.4.1] For fixed a state
o € D(H) and a open collection of states A C D(H), there exists a sequence {P, },en of
projections P, € B(H®") such that

lim Tr[p®"P,] =1, Vp e A, (Typicality) (4.6)
n—oo

1
lim —log Tr[c®"P,] = — inf D(pl|o). (Separation rate) (4.7)
n—oo 1, peEA

The non-universality of [[heorem III.4.1] follows from the fact that the sequence of sepa-
rating projections (P, ),en is dependent on the prior state o. In[Theorem IV.1| we prove
that it is generally not possible to create a sequence of tests that universally separates
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arbitrary states o from a fixed state p at a rate equal to the Umegaki relative entropy.
Namely, by extending a result from [28] we show that for a d—dimensional Hilbert space
‘H where d > 4, there are always states p € D(H) that cannot be universally separated
from arbitrary states o at a rate function equal to the Umegaki relative entropy.

Theorem IV.1.1 (No-go Theorem). Let d > 4 and H a d—dimensional Hilbert space.
Then for allm € {1,--- ,d} there exists a p € D(H) with rank m such that there does not
exist a sequence of tests (T, )nen that universally separates A = {p} at a rate equal to the
Umegaki relative entropy. In other words, the sequence of projections in|Theorem [11.4. 1|
necessarily depends on o.

To prove we will extend [28, Lemma IV.2] to [Lemma IV.1.1| below. First, we define two
operator means. Let 0g, 01 € B(H) be two invertible operators and A € (0,1). Then the
A—parametrized geometric mean and the A—parametrized arithmetic mean are defined
as follows,

_1 1 1. _
O0FATL 1= 0 2((70201002) oy %, (4-8)

UoA)\O'l = (1 — /\)O'() + /\0'1. (49)

Lemma IV.1.1. Let K be arbitrary finite dimensional Hilbert space with dim(K) = d.

Assume ag,01 € D(K) are two faithful states such that [0y, 01] # 0. Then there exists a
state p € D(K) of arbitrary rank 1 < rank(p) < d such that

D(plloo#tror) < (1= A)D(plloo) + AD(plloy). (4.10)

Proof. Here we use a similar argument as in [28, Lemma IV.2]. Define

I'\(00,01) :=log(go#a01) — (1 — A)log(ap) — Alog(o1), (4.11)
which is a self-adjoint operator. Then by [28, Lemma I1.13] we know
F)\(O'(),Oj) =0 <= [0'0,0'1] =0. (412)

Also for A > 0 we have Tr[log A] = logdet(A) and for z € R\{0} we have det(A*) =
det(A)”. Making use of these simple properties we see that

Tr[[x(09, 01)] = logdet(oo#r01) — (1 — A) log det(og) — Alog det(oy)
= log[det(co)* " det(07)*] — (1 — ) log det(og) — Alog det(oy)
= 0. (4.13)

Therefore since I'y(0p, 01) is self-adjoint we know the maximum eigenvalue p; of I'y sat-
isfies 1 > 0. Now consider the spectral decomposition of I'y(oy, 01)

d
Pa(o0,00) = Y i |i) (il (4.14)
i=1
where p; > -+ > pg. Since py > 0 for any integer m € {1,--- ,d}, we know there exists
a convex combination {eq,---,&,} C (0,1) such that
d
> e > 0. (4.15)
i=1
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But then define

= Z e |vi) (Wil (4.16)
where (|¢;)), are the eigenvectors of F,\(Jo, 01). Then

Tr[Cx(00, 01) Pm) Zu,s, > 0. (4.17)

So for two invertible non commuting states oo, 0y and A € (0, 1) we have

Tr[Ca(00,01)pm) > 0 <= Tr[pm log(oo#ac1)] > (1 — N)Tr[py, log o] + ATr[pm log o4].
By subtracting

Tr[pm 10g pm) = (1 = A)Tr[py 10g pr] + ATt [, l0g pin], (4.18)

from both sides we get the desired result. O]

Proof of [Theorem IV.1. To show this we alter the proof of [28, Theorem IV.3]. First
assume that dim(#) = d is even. Then, let K be a g—dimensional Hilbert space, then by
assumption dim(K) > 2. Let 0g,01 € D(K) be two faithful states such that [og, 01| # 0.
Then for A € (0,1) we have

0 S 0’0#)\0'1 S 00A>\0'17 (419)

as shown in [2I]. Furthermore, for any positive definite square matrices A, B, C, D,

(AR C)#A(B® D) = (A#.B) @ (C#.\D). (4.20)
Then for all n € N and tests T,, € B(K®") we have

Tr[(0o#r01)Z"T] = Te[(02"#r0 SV T,] < (1 — N)Te[o@"T,] + ATr[o® T,].  (4.21)

By [Lemma IV.1.1| we can take a p € D(K) of arbitrary rank satisfying (4.10|) for o and
o1. Now we can proceed by a proof by contradiction. Assume that for all state p € D(H)
there exists a sequence of tests (7),)nen such that for all o € D(H),

1
lim —log Tr[c®"T,| = —D(pl|o). (4.22)

n—oo N
Consider the states p, g, 01 € D(H) defined as

1

pAZ 5<p@p)7 60 (0'0@0'1) 61 (0'1@0'0) (423)

l\')l’—‘
l\')l»—t

Then by invariance of the relative entropy under isometries we get

D(pll6o) = D(VIpV|[VIeV) = D(pl|o1), (4.24)

where we use the isometry V(oo @ 01) = 01 @ 0. But by [Lemma IV.1.1|for A € (0,1) we
know

D(plloo) = D(plld1) > D(plldo#r01). (4.25)
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Let § = Tr[6o#201] > 0. By (4.21)) we know that for all n € N and tests 0 < T,, < 1 the
following holds:

1
Tr[B7"(60#201)%"T,] < @max{Tr[&g@”Tn],Tr[&?”Tn]}, (4.26)
thus

1 1 1
L Jog Te[5 " (By#ad1)*"T,] < log(8) + max {— log TH[5§"T.], ~ log Tr[&?”TnJ} (a2
n n n

By assumption we can select (7},),en such that in the limit of n — oo we get

—D(p||57H(60#261)) < log(B) + max{—D(p||&o), —D(pl|o1)}. (4.28)

Upon using the relation

D(p||8~ " (60#261)) = Tr[p(log p — log 5" (60#r01))

= D(p||6o#201) + log(B), (4.29)
which is generally true for p, og, 01, we get
D(pll6o#201) = D(pll00) = min{D(pl|50), D(pl|o1)}. (4.30)

However, this leads to a contradiction because by construction of p we had (4.25)).

Now we treat the odd dimensional case. Assume that dim(H) = 2d + 1 for some integer
d > 2. Then consider the d—dimensional Hilbert space K', by assumption dim(K') > 2.
Then similar to before take two faithful states oy, 0; € D(K'), by [Lemma IV.1.1| we can
take a state p € D(K') with arbitrary rank satisfying for o9 and o;. Now consider
the operators p', 0(, 01 € D(H) defined as

1 . 1 . 1
p/:: g(p@l@p), 0'025(0'0@1@0'1)7 0'1:§<0'1@].@0'0). (431)
Note that in a matrix representation this would look like
o1y 0 O
/
oy = 3 0 1 0], (4.32)
0 O 01

where all zeros are suitable rectangular matrices of zeros. But, by invariance of the
relative entropy under isometries we get

D(p'lleg) = D(p'[|)- (4.33)

With another proof by contradiction (as in the even case) we can identically show our
assumption would imply

D(p'llog#ror) = min{ D(p'[|og), D(p'|lo7)}, (4.34)

while we know D(p'||og) > D(p'||o#a07). And for p € D(H), there does not exist a
sequence of tests (7}, )nen such that for all o € D(H),

1
lim — log Tr[c®"T,] = —D(p||o). (4.35)
n—oo M,

O
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IV.2 Universal quantum Sanov theorem

The crucial tool we will be making use of during this section is an informationally complete
POVM.

Definition IV.2.1. Let Q be a finite set, and p: Q — B(H) be a POVM. We call i1 an
information complete POVM (IC-POVM), if for all
o,p € D(H) we have

p=o0 <= Trlu(w)p] = Tr[pu(w)o], Yw € Q. (4.36)

In the finite dimensional setting IC-POVM’s always exist because the condition in
is equivalent to requiring spanc{pu(w);w € Q} = B(H). The strength of an IC-POVM is
highlighted in [Proposition [V.2.1] where we show with an I[C-POVM we are able to bijec-
tively map all quantum states D(H) to a collection A C Prob(A) of classical probability
distributions.

Proposition IV.2.1. Let u : Q — B(H) be an IC-POVM. Then there exists a closed
convezr set A C Prob(QY) and a homeomorphism ® : A — D(H). We call the map ® a
complete tomography of D(H).

We will shortly provide a proof of this result. The significance of an IC-POVM is that we
are now able to reduce any finite dimensional quantum system to a classical setting! Since
quantum randomness is not the same as classical randomness, the classical reduction of
a quantum system to a classical system comes at a cost. Consider an arbitrary complete
tomography ® defined by an IC-POVM p as in [Proposition IV.2.1} Then upon reducing
all quantum states D(#H) to a collection of probability measure A, we have the following
new entropy between two quantum states p,o € D(H),

Da(pllo) == Drr(®~(p)]|27(0)). (4.37)

By the monotonicity of the Umegaki relative entropy [Proposition III.1.3] if we consider
the map ®~! is a quantum-to-classical reduction then

Da(pllo) = D(®™(p)||27"(0)) < D(pllo), (4.38)

where the inequality is strict if [p, o] # 0. Hence, for two non-commuting quantum states
p,0 € D(H),
0 < Do(pllo) < D(pllo), (4.39)

and the complete tomography reduces the distinguishability of p from o, however it does
preserves the fact that p # o. The preservation of the distinguishability of two quantum
states is exactly what makes an IC-POVM useful for developing our universal quantum
Sanov theorem.

Proof of |[Proposition [V.2.1 We begin by defining

A :={p € Prob(Q);dp € D(H) s.t Yw € Q, p(w) = Tr[pu(w)]}. (4.40)
Because p is an IC-POVM, for each p € A there exists only one p € D(H) such that

p(w) = Tr[pu(w)], Yw € Q. (4.41)
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Define the function ® : A — D(H) which maps each p € A to its unique state p € D(H)
satisfying (4.41)). Clearly @ is injective and surjectivity easily follows because for any
o € D(H) we can define g € A as

q(w) = Tr[p(w)o], Yw € Q. (4.42)

Because @ is bijective it has a well defined inverse &' : D(H) — A, which we will now
show is continuous. Let (p,)nen € D(H) be a sequence of density operators converging
to some py € D(H). Then for all n € N each p,, has a p, € A given by

Pn =2 (pn), (4.43)

or, stated otherwise, each p, € A satisfies
pn(w) = Tr[pap(w)], Yw € Q. (4.44)

Then by continuity of the trace in finite dimensions we get for all w € €,

Tim @7 (p,)(w) = lim Tr[pnpu(w)] = Tr[pop(w)] = &~ (po) (w). (4.45)
and because A is a subset of some finite dimensional vector space, point-wise convergence
of @7 1(p,) to ®71(py) implies convergence with respect to any norm on A thus,

Tim 87 (p,) = (o) (4.46)
and @1 is bijective and continuous. Moving on, the set of positive operators B(H)"
is a closed cone, and by continuity of the trace in finite dimensions D(H) is closed
and bounded, and therefore compact by the Heine-Borel theorem. Therefore, ®! is
a continuous bijection from a compact metric space D(H) to another metric space A
and by [34, Theorem 4.17] (®~')~! = & is continuous. So we have shown that ® is
a homeomorphism and we need only prove A is a closed convex set. Note that A =
d~1(D(H)) is closed because D(H) is closed and ! is continuous. Finally, let p,q € A
and set p = ®(p),0 = ®(q). Then as D(H) is a convex set we have for all A € [0, 1],

pr =M+ (1 No, (4.47)

and for all w € €2,
2 (p)() = MTrlpp(w)] + (1 — NTrlou(w)] = Aplw) + (1 - Ng(w).  (448)
So clearly @~ !(py) = Ap+ (1 — A\)g € A. O

With an IC-POVM we are able to construct a quantum variant to the empirical measure,
much like the goal of [16]. Given an IC-POVM g : @ — B(#H) we can construct a sequence
of POVM’s p,, : Q" — B(H®") as follows. Let n € N, and for (wy, -+ ,w,) € Q™ define

a1, ) = plwn) ® - @ puleon). (4.49)

In general for positive matrices A, B,C,D if 0 < A < Band 0 < C < D then 0 <
A C <B®D. So for all (wy, - ,w,) € Q" we have

0 < p(w) @ @ p(w,) <177, (4.50)
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where 1" is the n-fold tensor product of the identity 1 € B(H). Additionally, by linearity
of the tensor product

Z Z () ® -+ @ plwy) = <Z ﬂ(w1)> R ® ( Z ,u(wn)> =1%" (4.51)

and for any subset G C Q" we define

pn(G) = Z o (W1, -+ 5 wy). (4.52)

(w1, ,wn)EG

Let p € D(H), and consider the function ® defined in [Proposition IV.2.1] Fixp = ®~1(p),
then for n € N, let p™ denote the Bernoulli measure on 2" induced by p. For any G C Q"
we have,

PG = > plwn)plwn) = Y Trfpplwn)] - Tr[pp(w,)]

(w1, wn)EG (w1, wn)EG
- Z Tr[p™" i (w1, -+ wn)] = Tr[p®" 11, (G)]. (4.53)
(w1, wn)EG

Lemma IV.2.1. Let p: Q — B(H) be an IC-POVM and A C D(H) be a measurable
set. For alln € N, define the sequence of tests T, := pu,, (L1 (®71(A))), where L, : Q" —
Prob(2) is the empirical measure, p, is defined as in (4.52)), and ® : A — D(H) is as in
[Proposition 1V.2.1. Let Dg : D(H) x D(H) — [0,00] be defined as in ([£.37). Then for
allo € D(H),

1
— inf D < lim inf — log Tr[0®"T,,
Jnf Do(pllo) < liminf —log Tr|o™"T]

1
< lim sup — log Tr[c*"T,] (4.54)
n

n—oo
< — inf Dg(pl|0),
pEA~
where A°, A~ are the interior and closure of A respectively.

Proof. Let G = ®71(A) C A C Prob(), then as ® is continuous and .4 measurable, we
know G is measurable. Now let ¢ = ®~ (o), then by [Theorem 11.2.2

1
_inf D < liminf —log ¢"(L,,
. Dialplle) < liminé L og (L < )

1
< limsup —log¢"(L, € G) < — inf Dg.(p||q). (4.55)
n—oo 1 peEG™
By (4.53)) we can substitute
¢"(L, € G) =q"(L;' o ®7'(A)) = Tx[c®"T},], (4.56)

and because ® is a bijection for any Q C D(H)

inf D(@(p)|[@ (o)) = _inf _D(pllg). (4.57)

pEQ pe®~1(Q)
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We will now elaborate on how |[Lemma [V.2.1| can be viewed as a quantum extension of
Sanov’s theorem. The first remark is that [Lemma IV.2.1| holds for arbitrary measurable
sets, as opposed to only open sets A C D(H) in[Theorem I11.4.1], and singletons A = {p}
in [Theorem II1.5.1, More interestingly, this result provides a very natural quantum
version of the empirical measure. Namely, for an IC-POVM p : Q — B(H), we consider
the measurement process of the POVM p, : Q" — D(H); which is the n-fold tensor
product of u. Just like in the classical setting, we can take n-measurements on i.i.d copies
of o (with p), which produces a sequence w = (wq,--- ,wy,) € Q™. Using the classical
empirical measure L,, : Q" — A C Prob(Q2), we can map the string of observations to
a classical distribution L,(w) € Prob(A). The key ingredient for turning the classical
empirical measure into a quantum empirical measure is the homeomorphic map ¢ : A —

D(H).

Definition IV.2.2 (Quantum Empirical Measure). Let p: Q — D(H) be an IC-POVM.
Let @ : A — D(H) be the induced complete tomography by p (Proposition IV.2.1). Then
the quantum empirical measure L, : Q" — D(H), is defined as

~

Lih(wi, - ywpn) = P(Ly(wi, -+ ,wn)). (4.58)

Just as in the classical case we can also consider Lt : QN — D(H), where for all n € N,
L} is a function of the first n-components in a sequence w € QN.

Since ® is a homeomorphism, if w € O and lim,,_, L,(w) = ¢ for ¢ € A C Prob(Q),
then A
lim Lh(w) = ®(q). (4.59)

n—oo
We can now state a reformulation of our universal quantum Sanov theorem matching
the classical result more closely. Let A C D(H), moving forward we use the following
notation:

. =1

(Lh e A) =L, (A) C Q™ (4.60)
Let 0 € D(H) and ¢ = ®~'(0), in the context of measuring n-copies of o with the POVM
w2 — D(H), the probability that L¥(w) € A, is given by

¢(LE € A) = Tr[o®" u, (LE € A)). (4.61)

Theorem IV.2.1 (A universal quantum Sanov theorem). Let p: Q — B(H) be an IC-
POVM. Let ® be the induced complete tomography by p (Proposition IV.2.1), and p.,, be
the n-fold tensor product of p. Let LF : Q™ — D(H) be the quantum empirical measure

as defined in Definition and Dg be defined as in (4.37). Then for all 0 € D(H)
and measurable sets A C D(H),

1 ~
— inf D < lim inf — log Tr[o®" p,, (L*
inf Do (pllo) < liminf ~log Trlo™" 1, (L, € A)]

1 o
< lim sup - log Tr[o®" p, (L" € A)] (4.62)

n—o0

< — inf Dy(pllo),
pEA~

where A°, A~ are the interior and closure of A respectively.

Proof. This result follows from [Lemma [V.2.1] O
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We will now restate our result in the traditional language of quantum hypothesis testing.
Combining the results of [['heorem [V.1] and [Lemma IV.2.1| we see that there do exist
sequences (7},)nen of tests that universally separate A at some rate I, but necessarily
the rate function I cannot be equal to the Umegaki relative entropy. In the case that an
IC-POVM is used the rate function is bounded above by the Umegaki relative entropy.
We can summarize our observations as follows.

Theorem IV.2.2. Let pu: Q — B(H) be an IC-POVM and A C D(H) be open. Suppose
T, = T,,(A) is defined as in|[Lemma IV.2.1 and Dg : D(H) x D(H) — [0,00] is defined
as in (4.37). Then

lim Tr[p®"T,] =1, Vpe€ A, (Typicality)  (4.63)
n—oo

1
lim —log Tr[e®"T,] = — in£l Do (pllo), Vo € D(H).  (Separation rate)  (4.64)
n—oo M peE

Proof. Since A is open we have,

— inf Dy (37 (p)[|@7 (o)) = — inf Dicr (@ ()]0 (0)). (4.65)

peA° pEA~

Let p=®"!(p) and G = ®~!(A). Then by [26, Proposition 4.1] we know

lim p"(L, € G) = 1. (4.66)
n— o0
The rest of the statement follows by using (4.53]). ]

IV.2.1 An example

Here we provide an example of an IC-POVM p : Q — D(H), and the relative entropy
Dg : D(H) x D(H) — [0, 0o.

Proposition IV.2.2. Let H be a d-dimensional Hilbert space. If I = {1,---  d+1}, then

there exists a collection of distinct orthonormal bases (B;)ic; such that if Q := U;erB;,

then the POVM p : Q — B(H) defined as

1
pllz)) = 9] ) (], (4.67)

1s an IC-POVM.

See |Proposition A.4.1]in the Appendix for a sketch of the proof. For each basis B; we
construct the pinching map V; : D(H) — D(H) as

=) Aoz Ap = (z]o|z). (4.68)

|z)eB;

Then the relative entropy Dg : D(H) x D(H) associated to p is given by

De(pllo) = 9] ZD p)lIVi(2)), (4.69)

el
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which we confirm with the following calculation. Let p,o € D(H) and p,q € Prob(Q2)
such that ®7!(p) = p and & (o) = ¢, where @ is defined in [Proposition 1V.2.1] If

= |Q| then,

Dkr(pllg) = p(a)(log p(a) —log q(a))

a€eN

=3 alpla) (1og%<a|p|a>—log%<a|a|a>)

aEQ

:—ZZ (z] p|x) (log (x| p|z) —log (x| o |z))

zl\

1 m
:—ZTr p)(log Vi(p) — log Vi(o :EZ::
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(4.70)
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Chapter V

A universal quantum Sanov theorem
in more generality

This chapter is dedicated to extending the universal quantum Sanov [Lemma [V.2.1] be-
yond the type I; setting for d € N. In the finite dimensional setting, the main feature
of an IC-POVM p : © — B(H)", is that one can use it to separate any two states
p,0 € D(H), namely

p=o0 < Trlpp(w)] = Trlop(w)], VYw €. (5.1)

When H is a finite dimensional Hilbert space, we were able to reduce all quantum states
D(H) to classical probability distributions A C Prob(£2) with a IC-POVM. We will follow
a very similar process to extend the universal quantum Sanov theorem. However, for infi-
nite dimensional von Neumann algebras, not all IC-POVM’s are suitable for reducing all
normal states S,,(M) to a set of classical probability distributions. One of the advantages
of working in the finite dimensional setting is that all operator topologies coincide and,
there are sets of separating operators {u(w);w € Q} which have finitely many elements.
Obviously, for more general von Neumann algebras the operator topologies never coin-
cide and there is no finite collection of operators {u(w);w € Q} that separate all normal
states. These two facts will require us to use the more general Sanov theorem presented
for Polish spaces and arbitrary measure spaces in Section [[I.3]

The main result of this chapter will be proved in Section where we extend the
universal quantum Sanov theorem to the type I, case. A key part of our proof relies
on the unique properties of the compact operators K(H) C B(H) (Definition [B.0.2).
In Section we discuss some preliminary material, such as the generalization of an
IC-POVM to an arbitrary von Neumann algebra and a brief overview of the classification
of factors. In Section we present a very generic construction of an IC-POVM
that can be used to separate two distinct quantum states ¥, ¢ € S, (M), much like in
(5-1). Despite the promising construction, we present a example illustrating that the
proof done in Section does not extend nicely beyond the type I, casell| Details of
their contributions are provided in the acknowledgement in Section [[.2]

!This part of the project was contributed to by Stefaan Vaes and Martijn Caspers.
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V.1 Preliminaries
We begin by by stating several useful definitions and results regarding von Neumann
algebras.

Theorem V.1.1 (M,)" ~ M). Let M C B(H) be a von Neumann algebra and M.
its predual. Then M, C M* is a Banach space when equipped with the norm on M.,.
Moreover, the Banach dual of M, is isometrically isomorphic to M, i.e. (M,)* ~ M.

Proof. See [T, Theorem I11.2.4.1]. O

Now we will define a generalized notion of a POVM for arbitrary von Neumann
algebras. We will closely follow Chapter 18 in [9].

Definition V.1.1 (General POVM). Take any Hilbert space H and consider a von
Neumann algebra M C B(H). Let (X,Q) be some measure space. Then a function
i —= MY where Mt = {a > 0,a € M}, is a positive operator valued measure
if the following conditions hold:

1. For all A € Q, we have u(A) € M* while p(X) = 1 and u(d) = 0.

2. For a disjoint countable collection (A,)nen € Q we have

> a4 =u( U ). 52

where the limit of the sum in the left hand side is with respect to the weak operator
or strong operator topology (Definition |B.0.8).

Definition V.1.2 (Tensor product of von Neumann algebras). Let M and N be two von
Neumann algebras. Consider

MON =spanc{a®b;a € M,be N}. (5.3)
With M @N we denote the weak operator topology (Definition[B.0.8) closure of M ®N .

Proposition V.1.1. The tensor product of two POVM’s piy : Q1 — M and py : Q9 — N
extends to a POVM py @ po : Q19 — M Q@ N, where Q5 is the product o-algebra of €
and €.

Proof. [35, Proposition 1V.4.23]. O

Definition V.1.3 (IC-POVM). In the same setting as Definition we say a POVM
w: Q — M s information complete, if for any two normal functionals ¢ and
» € M., we have

p=¢ = VAeQ p(u(d)) = o(u(4)). (5.4)
Proposition V.1.2. Let (X,€2) be a measure space and suppose
pw:Q— MF,

18 a positive operator valued measure. Then
w is information complete <= {span{u(A); A € Q}}77% = M. (5.5)

76



Proof. [9, Proposition 18.1]. O

Definition V.1.4 (Factor). Let M be a von Neumann algebra. Define the center of M
as

Z(M)=MnM.
We call M a factor if Z(M) =C1.

We can now state the classification of factors. It is important to remember that von
Neumann algebras always have projections. In fact, by [[heorem B.0.8| we have that the
norm-closed linear span of all projections in a von Neumann algebra M, is equal to M.

Definition V.1.5. Tuake two projections p,q € M. We say p is equivalent to q, and
write p ~ q, if there exists a u € M such that p = uu* and ¢ = u*u.

Definition V.1.6. A projection p € M is called finite if for all projections ¢ € M
satisfying ¢ < p and q ~ p, implies p = q. The projection p s called manimal if for all
projections ¢ € M satisfying ¢ < p implies ¢ = 0 or ¢ = p. Moreover, a von Neumann
algebra M s called finite if the identity 1 € M is a finite projection, semi-finite if
for all finite projections p € M we have p < 1, and purely infinite if all non-zero
projections are not finite.

Definition V.1.7. Let M C B(H) be a factor.

o A factor M is Type I if it has at least one minimal projection p € M. Furthermore
a type I factor is either:

— Type I if 1 can be expressed as a linear combination of d € N minimal pro-
jections in M,

— Type I if M is semi-finite and not finite.

o A factor M is Type II if it has no minimal projections, and at least one non-zero
finite projection. Furthermore a type II factor is either:

— Type I, if M is finite,
— Type I if M is semi-finite and not finite.

o A factor M is Type III if all non-zero projections are infinite.

Proposition V.1.3. A factor M is either type I;, type L, type II;, type I, or type
II1.

Proof. See [35, Corollary V.1.20]. O

V.2 Information complete operator valued measures

V.2.1 Constructed from predual

In this section we construct an information complete POVM for an arbitrary von Neu-
mann algebra M C B(H), where H is separable. Or equivalently, if we equip the predual
M, C M* with the norm on M*, we assume M, is norm-separable. It is worthwhile
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to mention there is a very rich collection of von Neumann algebras with a separable
predual, in fact one can construct von Neumann algebras of type II and III, see [T
[11.3.4.3,1V.2.7.4] for more details. The first step we take in constructing an IC-POVM
is to find a collection of operators (a; ;); jen € M™, that can separate any two non-equal
normal states ¢;, ¢; € M,.

Lemma V.2.1. Let M be a von Neumann algebra and (¢,)nen € My C M* be a norm
dense subset of M., where M, inherits the norm from M*. Assume without loss of
generality for all i,5 € N, @; # @; if i # j. Let i,5 € N such that @ # j, then there exists

a positive operator a; ; € M™, with ||a; ;|| = 1, satisfying
1 - -
0 < clloi = will < lwilaiy) — ;(ais)l. (5.6)
Proof. For any 7 € M,,
171l = sup |7(a)l
=sup{|T(u1) — 7(v1) +i(7(uz) — 7(v2))]; |Jur — v1 + i(ug — vo)|| = 1, uy, uz, vy, vo € M*}
<4- sup |7(a)], (5.7)
a>0,/|a||=1

where we make use of the polar identity for an operator a € M, namely, we can always
decompose a = u; — vy + i(uy — vy), into a linear combination of four positive operators
U, V1, U, V9 € MT. Now let 7 = ¢; — ¢;, and since ¢; # ¢; we know ||7]| > 0.
By definition of the supremum, there exists a positive operator a;; € M™ with norm
||@i ;|| = 1, such that

_ 4
[m(@s)l 2 ¢ - sup |r(a)l. (5.8)
a>0,|[al|=1
Fix such an a; ;. Then

5 1 -

Il <4 sup |r(a)] <4~ |7(aiy)]l = LlIrll < [r(@iy)l. (5.9)
a20,l[al|=1

O

Let 4,7 € N, such that i # j. Take an operator a;; € M™ satisfying and ||a; ;|| = 1.
We will construct a new collection (a; ;)i jen € M™ of operators using (d@;;);,jen. The set
(a;;)ijen € M™ will be used to construct an IC-POVM. Fix a p € Prob(N x N) such
that for all ¢ # j we have p(i,j) > 0, and p(i,7) = 0 if ¢ > 1. Then define,

ai; =p(i, §)ai;  fori # j,
a;; =0 for i > 1,

Qo,0 =1-— Z Q5. (510)
1,7=0,i#£j

Note, the infinite sum in the definition of ag converges, because M is a Banach space,
and the sum converges absolutely in the norm topology,

Y Mlagll= > pli.d)llaisll =1 - p(0.0). (5.11)
§,j=0,i#j 0,§=0,i#j
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Moreover, Z?}:o it Gij is a positive operator since M™ is a norm-closed cone. We
will now show that the countable subset (a;;);jen € M™ can be used to construct an
information complete POVM.

Proposition V.2.1. Let M be a von Neumann algebra and (¢n)neny € My, C M* be a
norm dense subset of M*. Suppose (a;;)ijen € M™T is constructed as in (5.10). Let Q
be the collection of subsets of N x N. Then define the function p: Q — M™ as

w(i, g) == ai ;. (5.12)
We can extend p to 2 by linearity, namely for A C N x N, let
()= 37 i) (5.13)
(1,5)€A
Then p is an IC-POVM.

Proof. We will first show p is a POVM. Let 4, j € N, then by construction a; ; > 0, and
l|lai ;|| = p(i,j) < 1. By the Spectral Mapping Theorem (B.0.5)),

o(l—a;;)=1-0(a;;) C|0,1]. (5.14)

Hence for ¢ # j, we have 0 < u(i,7) < 1. Moreover,

M(N X N) = Z ;5 = Qg0 + Z ;5 = 1. (515)
(i,7)ENxN 1,5=0,i#j
Note that 0 < apo < 1 since,

<1, (5.16)

| >

§.j=0,ij

and o(1 =37, ;_,;ai;) € [0,1]. Then 4 is a positive operator valued measure since the
strong operator topology is weaker than the norm topology. Now we will show that pu
is information complete. The implication from left to right is trivial. We will show the
other implication by a proof by contradiction. Let 7,7 € M,, and suppose

Vi,j €N, 7(u(i,5)) = v(ui 7)), (5.17)
while 7 # ~. Then there exists a 6 > 0, such that
|7 — || = 0. (5.18)

Let r = 55 - 6. Consider the two open balls B,(1) = {¢ € M., ||¢ — 7|| < r} and B.(v).
Because M, is separable we know there exists an n,m € N such that ¢, € B,.(7) and
©m € B.(7). Since ||7 — || = § we also know,

9
(0 =2r) = 150 < llen — @mll. (5.19)
Recall, a,, , = p(n, m)ay, , for n # m, and by linearity,
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Moreover, by construction of the elements (a; ;); jen in [Lemma V.2.1}

1 N -
SHSOn - SOmH < |90n(an,m> - me(an,m”‘ (5-21)

Combining these observations we have

1 - -
g”‘:pn - 90m|| §|‘Pn(an,m) - @m(an,m”

=[7(nm) — V(nm) — ©n(Anm) + O (Gnm)|
<|7(@nm) = Pnl@nm)| + 17(@nm) — Om(Gnm)|

1
<2r = —46. 5.22
<2 =35 (5.22)
But then we get the contradiction by recalling (/5.19)),

9 \1 1 1 9
(5>_<5||%_¢m||<_5:>_< ;) (5.23)

1
10/5 = =10 10 = 2
and 7 = 7. O

V.2.2 Constructed from a norm separable proper ideal

In this section we present a construction of a IC-POVM which is very similar to what
we did in [Proposition V.2.1. However, as opposed to using the collection of operators
(@;;)ijen from Lemma , we will use a countable norm dense subset of a proper
ideal (Definition in a factor M. It will turn out that the IC-POVM we construct
here is fundamentally different than the one constructed in the previous section. The
motivation for our construction is the following two propositions. Note, all ideals we
refer to are two-sided norm-closed ideals.

Proposition V.2.2. If M is a factor, then every non-zero ideal J C M is o—weakly
dense in M.

Proof. See [35], Proposition 3.12]. ]

Proposition V.2.3. Let M be a von Neumann algebra and J C M a proper ideal.
Then, if ¢ - J — C is continuous and positive linear functional on J, there exists a
unique extension of ¥, to a positive linear functional ¢ on M such that ||| = ||9||.

Proof. See [T, Proposition 11.6.4.16]. O

The key example confirming proper norm-closed ideals exist for type I, von Neumann
algebras is the following proposition:

Proposition V.2.4. If H is a infinite dimensional separable Hilbert space, then the
set of compact operators K(H) C B(H) (Definition [B.0.9), is a proper ideal of B(H).
Moreover, K(H) is norm separable, unlike B(H).

Proof. See [7, 1.8.1.2]. O

Now, we can construct an IC-POVM in the case that M is a factor with a proper norm-
closed, and norm-separable, ideal J C M.
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Proposition V.2.5. Let M be a factor with a proper norm-separable ideal J C M.
1. Then there exists a subset (an)neny € M N J, such that for all n € N,
spanc{a,;n € N}~ = J, (5.24)
where the closure is taken with respect to the norm topology on M.

2. Fiz p € Prob(N), such that for alln € N, p(n) > 0. Then for n € N, define a,, € J
as

pfn) an, n >0,
|||

ag:=1— Zan. (5.25)
n=1

n':

Let Q be the collection of subsets of N. Then the function p : Q — J N M defined
pointwise as

win) := ay, (5.26)
which we extended by linearity to subsets A C ), is an IC-POVM for M.
Proof. 1. Since J is norm separable, let (b, )nen € J be a norm dense subset. Moreover,

J C M C B(H) is a C* subalgebra of B(H). Therefore, for every n € N, we use the
polar identity to decompose b, into a linear combination of 4 positive operators, namely:

by, = uy — us +i(vy — vy),  where uy, ug, v,v9 € J N M. (5.27)

Note, an operator u € J is positive iff for all [¢)) € H, we have (¢, uyb) > 0, which implies
u € JN M. Using (5.27), for all n € N, let ay,, Gny, Gng, an, € J N M, such that
by, = Gy — Gpy + 1(@ny — @p,). Then since (by,)nen is norm-dense in J, we know that

spang{a,;n € N}~ = J. (5.28)

2. We refer to reader to [Proposition V.2.1} where we prove a nearly identical function p
is a POVM. What is left to show is that it is an IC-POVM. Let 7,7 € M., and suppose

vneN, 7(u(n)) =y(u(n)). (5.29)

Then, by part 1, we know for all a € J, y(a) = 7(a). This is because for all linear combina-
tions u € spang{a,;n € N}, v(u) = 7(u), and because =y, 7 are both o-weakly continuous
they are also norm continuous. Therefore, for all sequence (u,)nen € spang{a,;n € N},
converging in norm to some u € J, we get lim, o Y(u,) = lim, o 7(u,) = y(u) = 7(u).
By [Proposition V.2.2| we have J~7% = M, and similarly, for all nets (a;);c; C J converg-
ing o-weakly to a € M, we have

limy(a;) = limr(a;) = y(a) = 7(a), (5.30)
and 7 = 1. O]

A natural question is; which von Neumann algebras have a proper norm-separable ideal?
While slightly disappointing, the answer is not many. Recall, a C* algebra is called
simple if it contains no non-trivial two sided closed ideals. We then have the following
remarkable classifications of the ideals of factors.
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Proposition V.2.6. Let M C B(H) be a factor and H be a separable Hilbert space.

1. If M is type I, or type I, then M is a simple.
2. If M is type III, then M 1is simple.

3. If M s type I or type I, then M has a unique non-trivial norm-closed ideal K .

Proof. See [7, 111.1.7.11]. O

By [Proposition V.2.6, we see that the situations where the POVM constructed in
sition V.2.5] could be useful is if M is either type I, or type II. Unfortunately, it turns
out that the proper ideal for a type Il factor, need not norm-separable. Thus the POVM
i we have constructed in this section is only suitable for when M = B(H) is a type I
von Neumann algebra, with the proper norm-separable ideal J = K(H). In the next
section, we will see the POVM constructed in [Proposition V.2.1]is an insufficient tool for
extending the quantum Sanov theorem, and how the construction in [Proposition V.2.5|
provides a remedy for when M = B(H).

V.3 Extending the universal Sanov theorem

V.3.1 Typel,

In this section we extend the universal quantum Sanov theorem from the setting of a
type Iy von Neumann algebra to a von Neumann algebra of type 1.

Definition V.3.1 (Weak-* topology on S,,(M)). The weak-+ topology S,(M) C M.,
15 the weak-x topology on M,. Namely, using that the Banach dual of M, is given by
(M,)* =~ M (Theorem V.1.1), we have that a net of normal states (1;)icr C Sp(M),
converges to a normal state ¢ € S, (M) *-weakly, iff for all a € M

lim p;(a) = ¢(a). (5.31)
(S

Proposition V.3.1. Let M = B(H), where H is separable, be a type I, von Neumann
algebra. Let J = K(H) C M be the unique two-sided norm-closed proper ideal in M.
Let X = N and Q) the collection of all subsets of X. Take yu: Q — M™ to be a IC-POVM
as constructed in |Proposition V.2.5. Define

A:={p e Prob(X);Jp € §,(M) st VA € Q,p(A) = o(u(2))}, (5.32)

then there is a function ® : A — S,(M) that is bijective and continuous with respect to
the weak topology on A C Prob(X) and the weak-+ topology on S,(M) C M,. We call ®
a complete tomography.

Proof. Because p is an IC-POVM, for each p € A there exists only one ¢ € S,,(M), such
that for all measurable A C Q

p(A) = ¢(u(A)). (5.33)
Define @ : A — S, (M) as,
O(p) = o, (5.34)



where ¢ is the unique normal state satisfying VA € Q,p(A) = ¢(u(A)). Clearly ® is an
bijective map. Now we will show ® is continuous with respect to the weak topology on
A and the weak-x topology on S, (M). Let (p;)icr € A be a net of operators converging
weakly to p € A. Since X = N is Polish, the weak topology on Prob(X) is generated
by the Lévy metric [Theorem 11.1.1} and Prob(X) is Polish. We therefore assume the net
(Pn)nen 18 a sequence. The aim of the rest of the proof is to show that ®(p,) conveges
s-weakly to ®(p) as n — oo, or, for all a € M

lim ®(p,)(a) = ¢(p)(a). (5.35)

n—o0

For the rest of this proof we use the following notation. For all n € N, let

on = D(pn), ¢ :=2(p) (5.36)

Because ¢ € §,(M) and ¢, € S,(M) are states, we know ||¢|| = 1 and ||p,|| = 1 for all
n € N. Moreover, by Banach-Alaoglu’s Theorem the closed unit ball

B*:={y e M|l <1}, (5.37)

is weak-x compact in M*. Therefore, by |[Proposition A.1.4, we know the sequence
(¢n)nen C B*, has a subnet (Definition [A.1.4) (¢;)jes, which %weakly converges to
some ¢’ € M*. That is for all « € M, we have

limp;(a) = ¢'(a). (5.38)
jeJ
To show (5.35), we in fact only need to prove that ¢’ = ¢. This is due to the follow-
ing. If ¢’ = ¢, then any converging subnet (¢;);cs of (¢n)nen, necessarily converges to
¢. Hence, by [Proposition A.1.2| ¢ is a unique accumulation point (Definition of
(pn)nen. Finally, since B* is compact and the weak-* topology is Hausdorff, by

sition A.1.5] (¢n)nen converges x-weakly to ¢, and (5.35)) holds. Now we will prove ¢’ = ¢.

First, by definition {¢;;j € J} C S, (M), therefore for all positive operators a € M* we
have

lim ,(a) = '(a) > 0, (5.39)
jeJ

and
lim (1) = /(1) = 1. (5.40)
jeJ

Hence ¢ € §(M) is a state. By construction of u, we know by |[Proposition V.2.5| that

spanc{u(n);n € N}~ = K(H). (5.41)
Let u € K(H) be a compact operator. Take an arbitrary sequence

(Um)men C spanc{p(n);n € N}, (5.42)

such that lim,,_, u,, = v in norm. By assumption we know for all m € N,

lm @, () = ©(Un), (5.43)

n—oQ
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hence

%.ig]l ©j(um) = ¢’ (um) = o(um). (5.44)
But since, ¢’ € S(M) and ¢ € S,,(M) are both norm-continuous, we know
lim ¢ (um) = ¢'(u) = (u) = lim (uy). (5.45)
m—o00 m—oo

And on J = K(H) the two states ¢’ and ¢ are equal. Finally, by [Proposition V.2.3| since
¢’ J — Cis a positive linear functional on the proper ideal J, it has a unique extension

to a positive linear ¢ on M = B(#H) such that ||¢'|| = ||¢||. But, ¢ is a positive linear
functional on M, and for all v € J we have ¢'(u) = ¢(u) = p(u). Since ||¢'|| = ||¢|| =1,
the unique extension ¢ of ¢’ is ¢, and for all a € M, we have ¢'(a) = ¢(a) = ¢(a),
concluding the proof. O

In the setting of [Proposition V.3.1] let n € N and L, : X" — Prob(X) be the empirical
measure. Note that X is a Polish space, which will be used later when we apply the
classical Sanov theorem.

Consider the n-fold tensor product von Neumann algebra M®". We can extend any
normal state ¢ € S,,(M) to a normal state ¢®" € S,,(M®™"). Similar to extending a state
onto the tensor product of M®", we can extend the POVM p : Q@ — M™ to a POVM
2 Q" — (M®)T for all n € N. Namely, let A C Q™ and define

pn(A) =Y par) @ -+ @ play). (5.46)

acA

Note by 2" we denote the n-fold product g-algebra of €2 and, by [Proposition V.1.1| we
know g, is indeed a POVM. Finally, we can state the extension of the universal quantum
Sanov theorem.

Theorem V.3.1. Suppose H is a separable Hilbert space. Let M = B(H) be a von
Neumann algebra, and let yn : Q — B(H) be the IC-POVM as constructed in
[tion V.2.5 Let A C S, (M) be x-weakly measurable set. For all n € N, define the test
Ty = pn(L,; (@71 (A))). Then, for all p € S,(M),

1
inf Drr(27(7)I[27(9)) < liminf —log o™*(T5)
1
< limsup — log *"(75,) (5.47)
n—oo N

< - inf Dies (@7 ()I[@7(9)),

where A°, A~ are respectively the weak-+ interior and closure of A.

Proof. Let G = ®1(A) C A C Prob(Q). By |Proposition V.3.1| ® is weakly and x-weakly
continuous, and since A is x-weakly measurable, we know G is weakly measurable. Let
q= P !(¢). By [Theorem I1.3.1],

1
— inf Dgr(pllg) <liminf —logq™(L, € G)
peG® n—oo N

1
< limsup ~logg"(Ly, € G) < ~ nf Drr(pllg)- (5.48)

n—oo
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By construction we know
¢"(L, € G) = q" (L, o @7 1(A)) = ©*"(T},). (5.49)
Because @ is a bijection for any Q@ C S,,(M),

inf D(®~(7)[|@7"(¢)) = _inf ,Dlla), (5.50)

v€Q pe®—1(Q

concluding the proof. O]

V.3.2 A counter example constructed by Vaes

In this chapter we constructed two possible IC-POVM’s for infinite dimensional von Neu-
mann algebras: one being [Proposition V.2.5| which turned out to only be a suitable
construction for type I, von Neumann algebras, and the other being |Proposition V.2.1}
which was suitable for any von Neumann algebra M with a norm-separable predual. A
natural question is, can one make use of the IC-POVM defined in [Proposition V.2.1 to
extend our quantum Sanov theorem to a more general setting” The short answer is, we
were not able to successfully do this.

The main difficulty we faced can be summarized as follows. Let y/ : Q@ — M™ be
the IC-POVM constructed as in [Proposition V.2.1| and let (X,€2) be the underlying
measure space. Any attempt of extending our universal quantum Sanov theorem relies
on generalizing |Proposition V.3.1; where we need to construct a complete tomography
' AN — S, (M) for some convex non-empty set A’ C Prob(X). Define A’ C Prob(X)
as in and ' : A" — S, (M) as in with respect to p/. By definition of an
IC-POVM it follows that @' is bijective, and the only difficulty is to prove @’ is continuous
with respect some topology on A’ C Prob(X) and a topology on S,,(M). Since X = NxN,
the weak and 7-topology coincide on A’; so assume (p,)neny € A’ is some sequence that
converges weakly to p € A’. For all n € N, define v, € §,,(M) and v € §,(M) as,

Yo := D' (pn), v = P'(p). (5.51)
Now define the set,
BO = Span(c{l’[’/(ivj); (Zaj) € X}’ (552)
then by [Proposition V.1.2, B~ = M, and we know for all b € By,
lim 7, (b) = v(b). (5.53)
n—oo

Now let B = By be the norm closure of By. Assume a € B and let (b, )men C By be a
sequence converging to a. Then for all n,m € N,

[m(@) = v(a)] = (@) = Y (bm) + Yu(bm) = v(@) +7(bm) — 7(bm)]
< V(@) = Y (bm)| + [v(@) = 7 (bm)| + [10(bm) — 7(bm)|- (5.54)

Let € > 0, and fix an m € N such that ||a —b,|| < 5. Then since v and +, are continuous
linear states for all n € N,

2e

(@) = Ya (Om)| + (@) = (b < - (5.55)
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Since lim,, o0 Vn(bm) = (b)), we then know there is an N € N such that for all n > N,

€
(@) = v(@)] < 3, (5.56)
and we can conclude lim,,_, V,(a) = y(a). To summarize, we are faced with the following
question. Let B be a norm closed subset of M, and assume B is o-weakly dense in M.
If v, v, € M, are normal states for all n € N, and for all a € B, v,(a) converges to vy(a),
then does v, (a) converges to y(a) for all a € M?

The answer to this question is no. Before we provide a counter example, we briefly discuss
the implications of this result. We believe that most likely, the IC-POVM constructed
in [Proposition V.2.1]is an insufficient tool for constructing a complete tomography as in
[Proposition V.3.1l The fact that we succeed in using |[Proposition V.2.5to construct an
complete tomography, is largely due to [Proposition V.2.3] which allowed us to use the
special properties of proper ideals in von Neumann algebras. However, [Proposition V.2.6|
guarantees that the POVM constructed in [Proposition V.2.5| cannot be used beyond the
type I, case, since it is the only setting where a norm-separable closed ideal exists in
a von Neumann algebra. These results hint that likely, a more subtle approach will be
necessary if one wishes to obtain a universal quantum Sanov theorem for type II and type
[T factors.

As promised, we provide the following counter example to our most recent questionﬂ
Let Y = {0,1}" and equip Y with the cylinder o-algebra. Let f € Prob({0,1}) be the
flat distribution. By the Carathéodory extension theorem we can define the probability
distribution p = fN € Prob(Y). Define M = L?(Y,p), and let v : L>=(Y,p) — C be the
normal state defined by p;

() = [ ha)dn(o) (5.57)
For all n € N, define the C* sub-algebra B, C M as
B, :={f € M; f depends only on the first n-coordinates of x € Y'}. (5.58)
Define the C* sub-algebra B C M,

B = ( U Bn) , (5.59)

neN

which is o-weakly dense in M. We now construct a sequence of normal states ~, € M.,
which converges pointwise for all b € B to the normal state v € M., while there exists
a projection P € M such that v,(P) = 1 for all n € N, and y(P) < 1. For k € N, let
U, CY and U C Y be defined as:

Up:={z €Y =241 = - = 295, = 0},
U o— U U.. (5.60)
keN

Then for all k € N, p(Uy) = 54, and p(U) < 3. Let P = Iy, be the indicator function
for U C Y, then by construction P € M is a projection and v(P) < %

2This counter example was kindly provided by Stefaan Vaes.
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Now we will construct the sequence of normal states ~,. For all n € N, we have that B,
is a finite dimensional C* subalgebra of M. Consider the *-homomorphism

T, B, — M,
fr—f-lu,. (5.61)

Since f is only dependent on the first n-coordinates of x € Y, and U, is only dependent
on the coordinates {z,, -+ ,x9,} in x € Y, we know kerm, = {0} and 7, is faithful.
Similarly, the x-homomorphism defined as

7m:B— M,
fr— [P (5.62)

is also faithful. We can therefore define the following states. Define the finite dimensional
C* subalgebra C,, := B, P + B,(1 — P) and for (aP + b(1 — P)) € C,, define the state

wn(bP + ¢(1 — P)) = ~(b). (5.63)
Then for all b € B, we have w,(bP) = w,(b) = v(b) and w,(P) = w,(1P) = v(1) = 1.

Since C), is a finite dimensional C* subalgebra of M, we can extend w,, to a normal state
Yo : M — C, such that for all k € N and b € By, if n > k, then

wn (b) = m(b) = ~(b). (5.64)

Therefore for all b € UgenBy the sequence 7,(b) converges to v(b). Using the same
argument as in (5.56)), we can conclude for all b € B, lim,,_,o, 7, (b) = (), while

Yn(P) = w,(P) =1, (5.65)

for all n € N and v(P) < 3. Hence, 7, does not converge pointwise for all b € M to ~
while it converges pointwise to v for all b € B.
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Chapter VI

Conclusion and outlook

In this work we explored several approaches to extend the classical Sanov theorem to
the quantum regime. In Chapter [[I] we showcased how the classical Sanov theorem can
be used to prove several foundational results in probability theory, such as the law of
large numbers [Proposition [I.2.1] Stein’s lemma |[Lemma I1.2.2] and Chernoff’s lemma
Lemma I1.2.3. We believe the classical Sanov theorem describes the interaction we as
observes have with (classical) randomness. This viewpoint encouraged us to establish a
Sanov theorem in the quantum regime.

In Chapter [[TI] we presented two different approaches from literature to extend the clas-
sical Sanov theorem to the quantum regime. We concluded, the first proposed quantum
Sanov theorem in [6], is a quantum extension of classical result {Theorem II.2.1} Addition-
ally, the result proposed by [16] (Theorem II1.5.1) is closely related to our own research,
however, it is only concerned with universally separating a fixed state p € D(H) from an
arbitrary state o € D(H).

Motivated by the two previously quantum Sanov theorem’s, we proposed our own univer-
sal quantum Sanov theorem in [['heorem [V.2.1] In this result we constructed a quantum
empirical measure L* : Q" — D(H), which is induced by an IC-POVM p : Q — D(H).
The main feature of our result is the universality property of the sequence of separat-
ing tests T,, we constructed. Additionally, in [Theorem IV.I| we prove the rate function
Dg : D(H) x D(H) — [0, 00] we obtain in [Theorem IV.2.1] is necessarily bounded above
by the Umegaki relative entropy D : D(H) x D(H) — [0, 00|, since universal state sepa-
ration is not possible at a rate given by D. [Theorem [V.1|establishes an interesting differ-
ence between classical and quantum randomness, since the existence of non-commuting
quantum states o, p € D(H) was essential for our proof, and in classical probability all
distributions commute (upon embedding them into a quantum system). In the setting
of Chapter [IV] possible directions for future research can be motivated by the following
questions:

e What is the optimal IC-POVM pu to use when constructing a sequence of universally
separating tests as in [Lemma [V.2.1]

It is clear that different IC-POVM’s uq, ps can achieve different separation rates, i.e. for
specific o, p € D(H),
D, (pllo) < Da,(pllo), (6.1)
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where ®; is the induced complete tomography of p; for i« = 1,2. Thus optimality can be
viewed as maximizing the entropy Dg. Moreover, another interesting question is:

e When are two IC-POVM’s equivalent in the sense that Dg,(p||0) = Ds,(p||o) for
all o,p € D(H)?

In Chapter we used von Neumann algebras to extend [['heorem [V.2.1] to type I
factors. We also presented the difficulties we faced when attempting to extend to
factors of type II and III. Given more time, it would be interesting to establish a universal
quantum Sanov theorem for arbitrary von Neumann algebra M. A possible direction
would be to make use of the Sanov theorem for general measure spaces described in
Section [[I.3] Namely:

e Does their exist a measure space (X, ) and an IC-POVM p : Q@ — M such that if

A :={p € Prob(X);Jp € S,,(M) such that VA € Q,p(A) = p(u(A))},  (6.2)

then the bijective map ® : A — S, (M) (as constructed in [Proposition 1V.2.1) is
continuous with respect to the 7-topology on A and the weak-* topology on S,,(M)?

Besides for the possible research directions directly related to this thesis, we view this
work as the initial steps needed to extend more results from classical large deviation
theory to the quantum regime.
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Appendix A

Selected topics in mathematics

A.1 Nets in topology

Here we provide a short section on the use of nets in topology. In general topology,
nets play an identical role to sequence in first countable spaces. One can characterize
the notions of closed sets, continuity of functions, and compactness in terms of nets.
We begin by defining the notion of a net and what it means for a net to converge or
accumulate at a point. We closely follow parts of Sections 5.1, 5.2, and 7.2 in [30].

Definition A.1.1 (Partially Ordered Set). A pair(I, <) is a partially ordered set if < is
a binary relation satisfying

1. Zfll € I then 7:1 S 7:17
2. ifil,iz,ig el with Z‘l S iQ and ig S Z‘3 then il S ig,

3. for all iy,i9 € I there exists an iz € I such that 11 < i3 and 15 < i3.

Definition A.1.2. If X is a topological space then a net is a function from some partially
ordered set I to X written as (z;)ie; € X.

Definition A.1.3. If (x;)ic; is a net on some topological space (X, T) then we say the
net converges to some point x € X if for all open U € T containing x, there exists an
J(U) € I such that for all i > j, x; € U. We say the net accumulates at (x;);c; at a
point x € X if for all open U € T containing x and all j € I there exists an i > j such
that x; € U.

We will find it especially useful to consider the generalization of subsequences (for
sequences) to subnets (for nets). It should be noted all nets are sequences, but not all
subnets of sequences are themselves subsequences. This among other non ideal properties
is why subnets are sometimes avoided in topology and replaced by the concept of filters.
However, for this thesis subnets are a more than sufficient tool.

Definition A.1.4 (Subnets). Let (x;)icr and (x;),cs be nets on the topological space X .
We call (x;)es a subnet of (z;)ier if there exists a map n: J — I with the following two
properties

1. forallj € J, xj =z,

93



2. for every iy € I there exists a jo € J such that for all j > jo, n(7) > io.

Proposition A.1.1 (Hausdorff). A topological space X is Hausdorff if and only if all
converging nets (x;)ier € X have a unique limit point x € X. In Hausdorff spaces we
will often write lim;e; x; = x to indicate the net (x;);e; converges to the unique point x.

Proof. See [30, Proposition 5.1.22]. O]

Throughout this thesis we will only be working with Hausdorff topological spaces.
Below we summarize the essential characterizations of closed and compact sets and the
continuity of a function in terms of nets.

Proposition A.1.2 (Accumulation points and converging subnets). A point x € X is
an accumulation point of a net (x;)ier if and only if there is a subnet (z;);es of (xi)ier
converging to x.

Proof. See [30, Proposition 5.1.36]. O

Proposition A.1.3 (Closed characterization with nets). A set V' C X of a topological
space X is closed if and only if for all nets (x;);c; C V' converging to some x € X we
have z € V.

Proof. See [30, Proposition 5.1.21]. O

Proposition A.1.4 (Compact characterization with nets ). A set K C X of a topological
space X is compact if and only if all nets (z;);e; C K have an accumulation point x € K.
Or equivalently, all nets (z;)ier € K have a subnet (x;)je; converging to some x € K.

Proof. See [30, Proposition 7.2.2]. O
We now state a very useful result from [I1].

Proposition A.1.5. Assume X is a compact Hausdorff space. If a net (x;)ic; has a
unique accumulation point x, then the net (x;);e; converges to x.

Proof. See [11], Proposition 2.7 Appendix A.2] O

Proposition A.1.6 (Continuity of maps characterized with nets ). Let X and Y be two
topological spaces. Then a function f: X — Y is continuous if and only if for every net
(x:)ier € X converging to some x € X, the net (f(x;))ier CY converges to some y € Y.

Proof. See [30, Proposition 5.2.5]. ]
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A.2 Probability theory

Definition A.2.1. Let X be a set and F be a collection of subsets of X. We call F a
o—algebra if

1. XeF
2. If Ae F then X\A e F

3. If (An)nen C F then, |, .y An € F.

neN

Theorem A.2.1 (Carathéodory Extension Theorem). Let X be a non-empty set and C
be a collection of subsets of X satisfying

1.pecC
2. For A,B € C we have ANB €C

3. For all A € C there exists a sequence of disjoint sets Ky,--- , K, € C such that
X\A = U?:l K.

Then we call Cy a semi-algebra of X. If there is a function py : Co — [0,1] with the
property that for all disjoint (Ap)nen € Co if U, en An € Co,

ﬂo( U An> = Z#U(An)7 (1.1)

then there exists a unique measure p on the o—algebra C generated by Cy such that pyg
equals 1 on Cy C C.

Proof. See [2, Theorem 1.3.3]. O

Theorem A.2.2 (Radon-Nikodym). Let (X, 2) be a measure space and p,q € Prob(X).
Assume p < q there exists a € measurable function 3—5 : X — R such that for all A € )

dp
p(A) = [ —dg.
(4) A dg
Proof. See [2, Theorem 4.1.1]. ]

Definition A.2.2 (Lower semicontinuous map). Let X be a topological space, a function
I: X — R s lower semicontinuous if for all « € R the level sets

{z e X; f(z) < a}, (1.2)
are closed.

Definition A.2.3 (Large Deviation Principle). Let (X, G) be a measure space. We say a
sequence of probability measures (pu,)nen C Prob(X) satisfies a large deviation prin-
ciple with rate function I : X — [0, 00|, if for all measurable A € G,

1 1
— inf I(x) <liminf —log p,(A) < limsup —log i, (A) < — inf I(z), (1.3)
n n

TrEA° n—00 n—00 TEA™

where I is a lower semicontinuous function, and A° and A~ are the interior and closure

of A.
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Proposition A.2.1. Suppose we have set X which is a measure space (X,G) and topo-
logical space (X, 7). If T C G then a sequence of probability measure (in)nen € Prob(X)
satisfies a large deviation principle with rate function I if and only if

1
— inf I(z) < liminf — log i, (A), for all open A C X,

T€A n—oo 1
1

— inf I(z) > limsup — log p,(B), for all closed B C X. (1.4)
z€B n—oo n

Proof. Assume (u, )y satisfies a large deviation principle with rate function 7, then we
trivially get both equations in (1.4]). So assume the above two inequalities hold and let
C' € F be measurable. Since C° C C' C C'~ we have

1 1
. < T inf & oV < T inf L
xlencf:o I(x) < hglolgf " log 11, (C°) < hglorolf - log ., (C),
and . )
lim inf — log 1, (C) < liminf —log p1,,(C™) < — inf I(x).
n—oo N

n—oo N zeC—

Theorem A.2.3 (Borel-Cantelli Lemma). Let (X, F,p) be a measure space and
(Ap)nen € F. Then

> <o = o U)ar) -0 15
n=1 keNn>k
where Upen Npsi An = {7 € X; 2 € A, infinitely often}. And

ip(An) =00 — p< NyU An> =1, (1.6)

keNn>k

where ey Upsi An = {2 € X520 ¢ A, for at most finitely many n}.

Proof. See [2, Theorem 7.2.2]. O
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Proposition A.2.2 (Pinsker’s Inequality). Assume A is a finite non-empty set and
d = |A|. Let || -|| denote the Fuclidean norm, then there exists a C > 0 such that for all
p,q € Prob(A) we have

lp — ql| < Cv/ Drr(pllg). (1.7)
Proof. See [10, Lemma 2]. O

Theorem A.2.4 (Strong Law of Large Numbers). Suppose (Z;)ien are i.i.d real val-
ued random variables with law p € Prob(X), for some measure space (X, F). Suppose
E[|Z;]] < 00 and E[Z;] = u € R for all i € N then if

1 n
Sn = - Zi7 18
" ;:1 (1.8)

we have almost surely
lim S, = pu. (1.9)

n—oo

Proof. See [13]. O

Theorem A.2.5 (Weak law of Large Numbers). Let (Z;);en be an i.i.d sequence of real

valued random variables, each with law p, such that E[Z,] = u € R and E[|Z, — p|?] < co.

Let S, =", Z;, then for all ¢ > 0 we have that

i 1

lim p”( —Sn—,u‘ >5> = 0. (1.10)
n

n—oo

Proof. See [2, Theorem 8.1.1] O

Theorem A.2.6 (Central Limit Theorem). Let (Z;)ien be an i.i.d sequence of real valued
random variables, each with law p, such that E[Z;] = p € R and E[|Z; — p|*] < co. Then
for all real numbers x1 < 9,

Sp — Nt 1 R
lim p"(zy < <xy) = — e 2 dt. 1.11
A p(o < =70 < @) V2r S (L1
Proof. See [2, Corollary 11.1.2]. O
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A.3 Schur-Weyl Duality

In this section we assume the reader is familiar with basic group theory. Our goal is to
give a short account of Schur-Weyl duality. Put briefly, this result provides a powerful
decomposition of the vector space (C4)®" by making use of the the irreducible decom-
position of two representations; one representation of S,,, the n permutation group, and
the other of U(d), the space of d x d unitary complex matrices. We will state all the
necessary definitions and results which we make use of in this thesis. Let GL(d) be the
set of d x d complex invertible matrices and U(d) C GL(d) the set of unitary matrices.

Definition A.3.1. Let d € N and G be a group. A map R : G — GL(d) which satisfies

R(g192) = R(g1)R(g2), (1.12)

1s called a d-dimensional representation of G. We say R is an irreducible representation
(irrep) if there is no non-trivial linear subspace V. C C? which is invariant under the

action of R, namely if for all |) € V, R(g) [¢) € V then V = {0} or V = C¢.

For a group G consider the collection

{R): G — GL(d));dy € N, and R, is an irrep.}, (1.13)

of all irreducible representations of G. We say two representations R;, R, are equivalent
if and only if there exists a invertible M € GL(d) such that for all g € G

Ri(g) = M Ry(g) M. (1.14)

Then with G we represent the set of equivalence classes of irreps, and with a slight abuse of
notation we write A € G to represent the class containing Ry. If GG is finite then G is also
finite dimensional. Now we state one of the must fundamental results in representation
theory known as Maschke’s Theorem.

Theorem A.3.1 (Maschke’s Theorem). Let G be a finite group and R : G — GL(d) a
representation. Then there exists a finite collection {my; X € G} C N and an invertible
matriz M € GL(d) such that,

d= Z m)\d)\,

AeG

MR(g)M ™" =" R(9) ® I, (1.15)
Ae@G

We call my the multiplicity of R.

This theorem can be though of as a non-commutative extension of the prime fac-
torization theorem. We will indirectly apply Maschke’s Theorem on the following to
representations P and R as defined in [[T1.5.1] and [[T1.5.2] It is important to notice that
P and R are both actions on (C%)®" and for all U € U(d) and 7 € S,,,

P(m)R(U) = R(U)P(r). (1.16)
This property can be used to show a version of Schur-Weyl duality.
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Theorem A.3.2. Define

U =span{R(U);U € U(d)},
V = spanc{P(n);m € S, }. (1.17)

ThenU' =YV and V' =U.

Proof. See [3]. O

We can reformulate Theorem [A.3.2] into a similar but more useful result. The main
idea is to explicitly label the irreducible decomposition of P : S, — (C%*4)®" with and
R:U(d) — (C™*9)®" with Young diagrams.

Proposition A.3.1 (Irreps of S,,). The classes of irreps S, of S, are in a one-to-one cor-
respondence with conjugacy classes of S,,. If we denote [11] as the set of all n-permutations
which are conjugate to m € S,, meaning m € [r] if there exists a v € S, such that
m = yny L, then

|1S,| = [{[r); ™ € S} (1.18)

It is well known that the conjugacy classes of S,, are fully described by the cyclic de-
composition of permutations in S,,, which in turn are described by the partitions of the
integer n € N. A partition of N € N is defined as a collection of nq,--- ,n; € N, such
that

N=> n. (1.19)

Definition A.3.2 (Young Diagram). Consider an arbitrary partition of n € N which we
denote as A = (ny,--- ,ng) where 1 <k <n andny > --- > ng. We then write A - n
and call X a Young diagram. The Young diagram A = (nqy,--- ,ng) is arrangement of n
bozes into rows of different lengths. The first row contains ny boxes, the second row no
boxes, etc. With A\ 4 n we denote the partition \ - n with at most d € N parts, i.e. if
A= (ny, - ,ng) then k < d.

The construction of a Young diagram is best understood with a simple example. Consider
n=>5and A = (2,2,1) then the Young diagram of A is showcased in Figure [A.1]

Figure A.1: Young diagram of A = (2,2, 1).

It turns out that one can also label the irreps of R using Young diagrams A k4 n. This
process requires a lot of extra theory, and we refer the reader to [14] for more details.
To conclude we state a more suitable version of Schur-Weyl duality, which can in fact be
proven using Theorem [A.3.2]
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Theorem A.3.3 (Schur-Weyl duality). Let d,n € N. Consider the two representations
P:S, = (CHen gnd R : U(d) — (C*H, For all X 4 n, there exists an irrep Ry of
R and Py, of P. Moreover, there exists an invertible matrix M., € (CdXd)®", called the

Schur matriz such that:

Moy RUYM ), = @D RA(U) ® I, YU € U(d),
AFgn

MschP sch @ Im/\ ® P)\ Ve Sn,
AbFan

where dy and my is the multiplicity of Ry and Py respectively. FEquivalently,

®&n ~ @(C“ ® CP*,

)\Fdn

where

pa := dim (spanc{Px(m) [v) ;7 € Sy, [v) € (CH)*"}),
ry == dim (spanc{Ry\(U) |v) ;U € U(d),|v) € (C*)*"}).

Proof. See [14, Theorem 5.18.1].
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A.4 Miscellaneous results

Lemma A.4.1. Let n,m € N then

Proof. Assume that n > m then,

nl=n(n—1)---(m+1)m!,

but trivially n"~™ > n(n —1)---(m + 1) and % < n™ ™, On the other hand if n < m
then
m!=m(m—1)---(n+ 1)n!,

and m(m —1)---(n+1) >n™ " so ™ > nm", O

n!

Lemma A.4.2. Let N € N and Proby(A) be defined as in (2.40) then,
( U ProbN(A))_'::Propr), (1.24)
NeN
where the closure 1s taken in the Fuclidean norm topology.

Proof. Let € > 0, and p = (p1,--- ,pa) € Prob(A) and assume without loss of generality
for all ¢« € {1,---,d}, p; > 0. Since Q is dense in R there exists an M € N and
(ny,--- ,nq) € N such that for all i € {1,--- ,d},

n; £
- — —. 1.2
Pim < 2g (1.25)
Define a € Q as
n;
=1 — 1.26
a n (1.26)

and assume with out loss of generality that a > 0, then there exists an m € N such that
a = ;7. Next define the probability measure ¢ € Proby(A) as

g = % (1.27)

for all : € {1,--- ,d}. We can confirm ¢ is a probability measure explicitly,

d ny+m d T d M
;qi: 7 +i:2M:a+;M:1, (1.28)
and for all i € {1,--- ,d}, ¢; > 0. By assumption
¢ 4, d

\a|:‘1—;ﬂ S‘Zpi_;ﬁ +‘1—;pi (1.29)
< g+0, (1.30)

therefore
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d d
1

=l = (3 lpi—al)? <3 Ipi—al < (1.31)

=1 =1

£ g

<s+5=¢ 1.32
_2+2 € ( )
[

Proposition A.4.1. Let H be a d-dimensional Hilbert space. If I ={1,--- ,d+1}, then
there exists a collection of distinct bases (B;)ier such that if Q := U B;, then the POVM
p:Q — B(H) defined as

— 1.
pll2)) = — o) {al, (1.33)
where m = |Q|, is an IC-POVM.

Proof. In a recent paper [37] it was shown that for a d—dimensional Hilbert space a
collection of d + 1 bases (B;)%, is needed such that any p € D(H) can be uniquely
reconstructed from the set,

{(z|pla);2 € Bii=0,---,d }. (1.34)

We will present the construction of the bases and refer the reader to the paper of [37] for
the rest of the proof. Fix By = {|a)}?Z} then consider the operator W € B(H) defined
as

\/_ Z w™ |a) (1.35)

a,b=0

where w = ea?™. We claim the set {‘@/),(CO) >}Z;(1) defined as

Vk € {0,---,d— 1} (1.36)

) = Wik = Z HE o
=0

is an orthonormal basis. Let k, k" € {0,---,d — 1} then

d—
O]\ _ 1 —ak!, bk 1 a(k—k')
(0 |y = 2 > w <arb>—;lzw ,

a,b=0 a=0

where we use that @ = w™!. Clearly if k = &’ then <¢,§°)|¢,§°)> = 1. Now we will make use
of the finite geometric series, which is for r € C\{1},

n—1 n—1
ri(l—r)zzri—riﬂ:1—|—~--+r”’1—(r+-~~+r”):1_r",
=0 7=0
n—1 1—7’"
= t= - 1.37
2= (1.37)
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Assume 1 < |k — /| < d then take r = w* ¥ #£1,

=
(oot = 157 vy
a=0
1 1= (wk_k/)d 1 1= (wd)kfk/
d 1—wkYd 1 =Wk

since (WP = (e2mi)k=K — 1 then (" [\”)) = 0if k # k’. Define the unitary operators
U forr=0,---,d—1as

d—1
U0 =37 Ja) ol (1.38)

a=0
where we assume for all a,r € {0,---,d — 1} that 0" € R are unique. For each 7 €

{0,--- ,d — 1} we can define a basis:

([} fey = {m

Now the claim is that there exists a subset (H,ET))GW C R such that the collection of bases
in (1.39) insures the construct POVM g is an IC-POVM. For the rest of the proof see
[37].

o) }d_l- (1.39)

k=0

O
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Appendix B

Operator algebras

In this section we provide a collection of useful results from functional analysis and
operators algebras. We refer the reader to [11], 29, 35| [7, 24] for a detailed treatment.
Let C be a vector space over the field C. We say that C is an algebra if it is equipped
with an associative and distributive multiplication. Namely, for a,b,c € C and \,u € C
we have a product a - b = ab € C which satisfies

a(bc) = (ab)e, a(b+c¢) =ab+ac, Au(ab) = (Aa)(ub).

On the algebra C we can define an involution or adjoint map * : C — C that is anti-
linear and satisfies

(a*)* =a, (ab)* =b*a*, (Aa+b)* = Aa* +b*.

An algebra C equipped with an involution is a *-algebra. We can further endow the
underlying vector space C with a norm || - || : C — R", turning into into a normed vector
space.

Definition B.0.1 (C* algebra). If the normed x-algebra C is a Banach space (sequentially
complete) and the norm satisfies

[labl[ < {lall - [[bl], |laa™|| = ||, (2.1)
for all a,b € C then, we call C a C* algebra.

Definition B.0.2 (Banach Dual). Let C be a C* algebra, the Banach dual of C is
defined as the set of all bounded linear functions f : C — C. We denote the set of all
linear continuous functionals with C*.

Definition B.0.3 (Weak-x topology). Let X be a normed vector space and for each
r € X define the norm-continuous linear functional f, : X* — C. Then the weak-x
topology is Hausdorff and generated by the family of semi-norm (f,)zex. Or equivalently,
a net (hy)ier € X* converges to h € X* if and only if for all x € X

lim hi(z) = h(z). (2.2)

el

We now state a fundamental result in functional analysis.
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Theorem B.0.1 (Banach-Alaoglu). If Y is a normed space then the closed unit ball in
Y™ is weak-x compact.

Proof. See [11, Theorem V.3.1]. O

Definition B.0.4 (Proper Ideal). Let C be a C* algebra and let I C C be a closed linear
subspace. We call I a proper two-sided ideal if for alla € C and b € I, ab € I and
ba € I

FExamples:

1. Let X be a Hilbert space. Then (B(H),*,]|| - ||op) is a C* algebra, where the
involution is the adjoint of an operator and ||-||,, is the operator norm. By definition
the adjoint satisfies the involution properties so all we will prove is that the operator
norm satisfies the C* norm properties. First note the norm is sub-multiplicative

[labllop = sup [labz|| < sup [[a|op||bx]| = [|allop|[bl]op- (2.3)

||ll=1 ll||=1

Then using Cauchy-Schwarz inequality we get

lall?, = sup (az,az) = sup (v, aa’z)

||z[|=1 ||z[|=1
< sup 2] - [laa” (| = [laa[[op < ||allop|la[lop- (2:4)
xT||=

Where we can also replace a by a* in the inequality above such that we can conclude
llallop < [|a*||op and [|a*||op < ||@||op, this also immediately implies that of the norm
that ||aa*||o, < ||allZ,. So ||aa*|lep = ||a]|Z, and B(H) is a C* algebra.

2. The x-sub-algebra of compact operators K(H) C B(H).

Theorem B.0.2 (Compact Operators). The x-sub-algebra of compact operators K(H) C
B(H) for some Hilbert space H is a C* algebra. Where an operator a € B(H) is called
compact if the norm closure of the image of the unit ball

By :={z € H;||]z|| <1} CH, (2.5)
18 compact.

Proof. See [11, Theorem 11.4.2. Proposition]. O

One particularly useful notion in operator algebras and functional analysis is a projection,
which has a purely algebraic definition

Definition B.0.5. Let C be a *-algebra, then p € C is a projection if p*> = p = p*. In the
case p* = p we say p is an idempotent.

In the case there exists a projection 1 € C such that for all a € C we have al = 1a, then
we call C unital. In unital C* algebra’s we say an operator a € C is invertible if there
exists an operator a~! € C such that aa=! = a~'a = 1. For unital C* algebra’s C we are
able to define the spectrum o(a) of an operator a € C and the set of positive operators
CT.
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Definition B.0.6 (Spectrum). Suppose C is a unital C* algebra and a € C. Then the
spectrum of a is a subsets of C defined as

o(a) := {\ € C; A1 — a is not invertible. } (2.6)

Definition B.0.7 (Positive Operator). Suppose C is a unital C* algebra and a € C, we
say a is positive and write a > 0 if a = a* is self-adjoint and o(a) C [0,00).

For self adjoint operators a € C we have the following very useful decomposition
result.

Theorem B.0.3 (Spectral Decomposition). Let C be a C* algebra and N € C be a normal
operator. Then there exists a spectral measure E on the Borel o-algebra of the spectrum
of N, i.e. o(N) such that

N:/ 2dE.. (2.7)
o(N)

Proof. See [11, Theorem 1X.2.2]. H

Theorem B.0.4 (Functional Calculus). Let C be a C* algebra with identity and a € C.
Suppose f is a holomorphic function on an open set U C C containing o(a) C U. Then

f(a) €C.
Proof. See [11, Theorem VII.4.7]. O

Theorem B.0.5 (Spectral Mapping Theorem). Let C be a C* algebra with identity and
a € C. Suppose f is a holomorphic function on an open set U C C containing o(a) C U.
Then

o(f(a)) = f(o(a)). (2.8)
Proof. See [11], VI1.4.10]. O

In the case we take any Hilbert space H and consider the C* algebra B(#) then a
projection p € B(H) has several nice properties.

Proposition B.0.1 (Projections in B(H)). Let p € B(H) be a projection. Then we have
the following:

1. (1 —p) is a projection and ker(1 — p) = range(p) so range(p) is necessarily closed.
2. H = range(p) @ ker(p).

Proof. See [11], I 2.7. Theorem)]. O

Given a net of positive real numbers (z))yepx We write

ZZB)\ = sup{Z:ﬁA;FgAis ﬁnite}. (2.9)

AEA AEF

This notion can be generalized to any Banach space (X, || -||). Let (z))aea be a indexed
subset of X, where A is some arbitrary set. Denote with A’ the set of all finite subsets of
A. Clearly A’ can be a partially ordered set by using inclusion as an ordering. Consider
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the net (zp)penr defined as xp = ), px for F € A’. Then if the net (zp)peas converges
to some xy with respect to the norm topology on X, we write

Zx)\ = 1. (2.10)
AEA

Proposition B.0.2. Every Hilbert space (H, (-,-)) has an orthonormal basis E, and any
vector x € H can be written as

x = Z(x,e)e.

ecE

Moreover, there exist at most countably many e € E such that (z,e) # 0.
Proof. See [11], Section IJ. O
Now we provide a list of relevant topologies on the space B(H).

Definition B.0.8 (Topologies in B(H)). Let H be a Hilbert space and B(H) the space of
bounded linear operators. Then there are several topologies of interest we can apply onto

B(H):

1. The weak operator topology (wot) is defined by the family of semi-norms (py.y)z.yen
defined as

Pay(a) = [{a(z), )|

A net of operators (ay)ren converges weakly to ag € B(H) if and only if for all
z,y € H we have (pyy(ax))ren converges to py,(ag) in RY.

2. The strong operator topology (sot) is defined by the family of semi-norms
(Pz)zen defined as
pa(a) = [la(@)|]n. (2.11)

A net of operators (ay)aen converges strongly to ag € B(H) if and only if for all
x € H we have (pi(ay))ren converges to p,(ag) in RY.

Definition B.0.9 (von Neumann algebra). Assume 1 € M C B(H) is a - algebra, then
M is a von Neumann algebra if M s weakly closed.

Definition B.0.10 (Commutant). For a subset A C B(H), A’ is the commutant of A
and is defined as

A" ={be B(H);ab = ba,Ya € A}.

Now we can state an exceptionally beautiful result connecting the notions of topologies
defined on operators and sets of operators satisfying purely multiplicative properties.

Theorem B.0.6 (Double Commutant Theorem). If M C B(H) is a *-algebra with
identity then M is weakly closed if and only if M" = M.

Proof. See [29, Theorem 4.1.5]. O

We can now discuss the algebraic isomorphic between two von Neumann algebras.

107



Definition B.0.11 (Algebraic isomorphism). A von Neumann algebra M is algebraically
isomorphic to a von Neumann algebra N if there is a map ¢ : M — N such that:

1. ¢ is a linear isomorphism between the two vector space structures on M and N,

2. for all my,my € M,
p(mima) = p(mi)p(ma),  p(my) = p(mi)". (2.12)

When M is algebraically isomorphic to N, we write M ~ N. An algebraic isomorphism
1s both norm and o-weakly continuous.

Let a € B(H). Define the operator [a] to be the projection onto the norm closed linear
subspace range(a)” C H.

Theorem B.0.7. If M is a von Neumann algebra, then it contains the ranged projection
of all its element. Namely if [m| is the ranged projection of m € M then [m| € M.

Proof. See [29, Theorem 4.1.9]. O

[Theorem B.0.7indicates that projections are bountiful in von Neumann algebras, in fact
the set of projections in a von Neumann algebra can completely generate the whole von
Neumann algebra in two notable ways.

Theorem B.0.8. Let P(M) = {p € M;p*> = p = p*} be the set of all projections in a
von Neumann algebra M. Then

M = Span(P(M))~, (2.13)

i.e. M 1is the norm closure of the linear span of the set of all projections in M and,
M=PM)". (2.14)
Proof. See [24, Theorem C.135]. O
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